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1. Walrasian Equilibrium Prices

UA =
�
xA1 � �A1

�2 �
xA2 � �A2

�
� 2 ln

�
xA1 � �A1

�
+ ln

�
xA2 � �A2

�
�A = (2; 2)

UB =
�
xB1 � �B1

� �
xB2 � �B2

�2 � ln �xB1 � �B1 �+2 ln �xB2 � �B2 � �B = (3; 1) wx = (13; 10)
a) Rede�ne variables: yJi = x

J
i � �Ji :

Then, UA � 2 ln yA1 + ln yA2 UB � ln yB1 + 2 ln yB2 wy = (8; 7)
In the small Edgeworth box, corresponding to the new coordinates, both preferences are ho-

mothetic, but preferences of A are more intensive in the �rst commodity while preferences of B
are more intensive in the second commodity. That implies that the PE frontiere will go below the
diagonal through both corners of the box. Also note, that the corresponding MRS�s are continous
and monotonic along the frontiere. For proof see (p. 301-302) of the book.
b) The WE extreme price ratios are determined by the MRS of agents, consuming the whole

endowment. The MRS�s are continous and monotonic, so the whole range between the two extremes
will be achieved along the frontiere.

MRSAjw=(8;7) = 2
y1
= 1
y2

���
w=(8;7)

= 2y2
y1

���
y=(8;7)

= 2�7
8
= 7

4

MRSBjw=(8;7) = 1
y1
= 2
y2

���
w=(8;7)

= y2
2y1

���
y=(8;7)

= 7
2�8 =

7
16

So the price ratios can take values: p1
p2
2
�
7
16
; 7
4

�
c) wA = (8; 5) and wB = (5; 5) corresponds to wAy = (6; 3) and w

B
y = (2; 4) in the small box.

Check that it�s a PE: MRSA =
2y2
y1

���
y=(6;3)

= 2�3
6
= 1 = 4

2�2 =
y2
2y1

���
y=(2;4)

=MRSB:

The corresponding price ratio is p1
p2
= 1 2

�
7
16
; 7
4

�
:
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2. Walrasian Equilibria

a) �A = (4; 6) �B = (7; 3) ) wy = (13� 4� 7; 10� 6� 3) = (2; 1)
Therefore, MRSAjw=(8;7) =

2y2
y1

���
y=(2;1)

= 1 MRSBjw=(8;7) =
y2
2y1

���
y=(2;1)

= 1
4

Henceforth set p2 = 1; p1 = p 2
�
1
4
; 1
�

b) wAy = (8; 5)� (4; 6) = (4;�1) wBy = (5; 5)� (7; 3) = (�2; 2)
The agents have Cobb-Douglas preferences in the new coordinates, hence, spend fractions of

incomes: IA (p) = pwAy = 4p� 1 IB (p) = pw
B
y = 2� 2p

yA1 (p) =
2
3
IA(p)
p

yA2 (p) =
1
3
IA(p)
1

yB1 (p) =
1
3
IB(p)
p

yA2 (p) =
2
3
IB(p)
1

Therefore, e1 (p) = yA1 (p) + y
B
1 (p)�wAy1�wBy1 = 2

3
IA(p)
p
+ 1

3
IB(p)
p
� 4+ 2 = 2

3
4p�1
p
+ 1

3
2�2p
p
� 4+ 2

a�) Plugging in both p = 1
4
and p = 1 we can see, that e1

�
1
4

�
= e1 (1) = 0:

That means, that both of these are equilibirum prices (by Walras Law the market for commodity
2 is also in equilibrium).
b�) Simplifying the expression, we can see, that e1 (p) = 0 for all p 2

�
1
4
; 1
�
: Therefore any price

gives an equilibrium. There is a continuum of equilibria.
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c) wAy = (10; 4)� (4; 6) = (6;�2) wBy = (3; 6)� (7; 3) = (�4; 3)
IA (p) = pw

A
y = 6p� 2 IB (p) = pw

B
y = 3� 4p

Therefore, e1 (p) = 2
3
IA(p)
p
+ 1

3
IB(p)
p
� 6 + 4 = 2

3
6p�2
p
+ 1

3
3�4p
p
� 6 + 4 = 1

3p
(2p� 1)

p = 1
2
is the unique solution of the equation: e1 (p) = 0: Therefore, it�s the only WE price.

c�) Demand: d1 (p) = 2
3
6p�2
p
+ 1

3
3�4p
p
= 1

3p
(8p� 1) Supply: s1 (p) = 6� 4 = 2

Supply is inelastic. The demand curve is increasing in price, while usually it is decreasing in
price.
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3. Production E¢ ciency

a) 8y; z 2 Y = Y 1 + Y 2;9y1; z1 2 Y 1 and 9y2; z2 2 Y 2 s.t. y = y1 + y2, z = z1 + z2
Let Y 1 and Y 2 be convex. Now let x be a some convex combination of y and z: Then
x = �y + (1� �) z = � (y1 + y2) + (1� �) (z1 + z2) = (�y1 + (1� �) z1) + (�y2 + (1� �) z2)
Since Y 1 is convex, x1 = (�y1 + (1� �) z1) 2 Y 1 - as a convex combination of y1 and z1:
Since Y 2 is convex, x2 = (�y2 + (1� �) z2) 2 Y 2 - as a convex combination of y2 and z2:
Therefore, x = x1 + x2; x1 2 Y 1; x2 2 Y 2 ) x 2 Y:
That�s true for any convex combination. Hence, Y is convex.
b) Let Y 1 and Y 2 exhibit free disposal. Now let x be the sum of y and z: Then take some � > 0 :
x� � = y � �

2
+ z � �

2
= x1 + x2

Since Y 1 exhibits free disposal, x1 = y � �
2
2 Y 1 - belongs to Y 1:

Since Y 2 exhibits free disposal, x2 = z � �
2
2 Y 2 - belongs to Y 2:

Therefore, x = x1 + x2; x1 2 Y 1; x2 2 Y 2 ) x 2 Y:
That�s true for any � > 0. Hence, Y is also exhibits free disposal.
c) Let by 2 Y be e¢ cient, i.e. 9p s.t. 8y 2 Y : py � pby
Also, 9by1 2 Y 1 and 9by2 2 Y 2 s.t. by = by1 + by2:
Besides, 8y 2 Y 9y1 2 Y 1 and 9y2 2 Y 2 s.t. y = y1 + y2
If py1 > pby1 then p (y1 + by2) > p (by1 + by2) = pby
Therefore, since y1 2 Y 1; by2 2 Y 2, y0 = y1 + by2 2 Y .
Hence, py0 > pby, and by is not e¢ cient, which contradicts the assumption.
Therefore, py1 � pby1: By the same logic py2 � pby2:
4. Aggregate Production Sets

Y f =
n�
zf ; qf

�
jqf � cf + �fzf � �f

�
zf
�2
; �f � 0; �f � 0

o
To aggregate the production of the two �rms, �x z = z1 + z2 and �nd the maximum possible

aggregate output.
Y = Y 1+Y 2 =

n
(z; q) jq1 � c1 + �1z1 � �1 (z1)2 ; q2 � c2 + �2z2 � �2 (z2)2 ; z1 + z2 = z; q1 + q2 = q

o
3



The constraint could be represented by:
q = max

n
c1 + �1z1 � �1 (z1)2 + c2 + �2z2 � �2 (z2)2 jz1 + z2 = z

o
=

= max
n
c1 + �1z1 � �1 (z1)2 + c2 + �2 (z � z1)� �2 (z � z1)2

o
=

FOC: �1 � 2�1z1 � �2 + 2�2 (z � z1) = 0 ) z1 = �1��2+2�2z
2(�1+�2)

; z � z1 = �2��1+2�1z
2(�1+�2)

Need to satisfy: 2�2z � �2 � �1; 2�1z � �1 � �2 ) z � max
n
�1��2
2�1

; �
2��1
2�2

; 0
o

= �1 �
1��2+2�2z
2(�1+�2)

� �1
�
�1��2+2�2z
2(�1+�2)

�2
+ �2 �

2��1+2�1z
2(�1+�2)

� �2
�
�2��1+2�1z
2(�1+�2)

�2
=

=
2(�1+�2)(�1��2)

2
+4(�1+�2)(�1�2+�2�1)z��1(�1��2+2�2z)

2��2(�2��1+2�1z)
2

4(�1+�2)
2 =

(�1��2)
2
+4(�1�2+�2�1)z�4�1�2z2

4(�1+�2)

So, if z � max
n
�1��2
2�1

; �
2��1
2�2

; 0
o
then c0 = c1+ c2+ (

�1��2)
2

4(�1+�2)
; �0 = �1�2+�2�1

�1+�2
; �0 = �1�2

�1+�2

If �1 > �2 and z < �1��2
2�1

) z1 = z ) q = c1+�1z� �1 (z)2+ c2 )
c0 = c1 + c2; �0 = �1; �0 = �1

If �2 > �1 and z < �2��1
2�2

) z1 = 0 ) q = c1 + c2 + �2z� �2 (z)2 )
c0 = c1 + c2; �0 = �2; �0 = �2

The aggregate production set:

Y =

8>><>>:(z; q)
��������
q � c1 + c2 + (�

1��2)
2

4(�1+�2)
+ �1�2+�2�1

�1+�2
z � �1�2

�1+�2
(z)2 ;

q � c1 + c2 + �1z � �1 (z)2 ;
q � c1 + c2 + �2z � �2 (z)2 ;

z � max
n
�1��2
2�1

; �
2��1
2�2

; 0
o

z < �1��2
2�1

> 0

z < �2��1
2�2

> 0

9>>=>>;
a) c1 = c2 = 0; �1 = �2 = �; �1 = �2 = � ) c = 0; �0 = ��+��

�+�
= �; �0 = ��

�+�
= �

2

) Y =
�
(z; q) jq � �z � �

2
(z)2
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b) For n identical �rms, we shall recursively aggregate them:
ci = c+ ci�1 +

(�i�1��)2

4(�i�1+�)
�i =

�i�1�+��i�1
�+�i�1

�i =
��i�1
�+�i�1
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�1 = � �2 =
��
�+�

= �
2

�3 =
� �
2

�+�
2

= �
3

::: �n =
�
n

�1 = � �2 =
��+��
�+�

= � �3 =
��+��i�1
�+�i�1

= � ::: �n = �

ci = c+ ci�1 +
(�i�1��)2

4(�i�1+�)
= c+ ci�1 = ci�1 = 0 Therefore, Yn =

�
(z; q) jq � �z � �

n
(z)2

	
As n grows the term eY = limn!1 Yn =

�
(z; q) jq � �z � limn!1

�
n
(z)2

	
= f(z; q) jq � �zg

Aggregating decreasing-return-to-scale technologies, we got a CRS production set.
c) �n (q; p; r) = max

�
pq � rzjq � �z � �

n
z2
	
= max

�
p�z � p�

n
z2 � rz

	
=

FOC: 2�
n
z = �� r

p
q =

�
�� �

n
z
�
z = n

4�

�
�2 �

�
r
p

�2�
= n

2�

�
p
2

�
�2 � r2

p2

�
� r

�
�� r

p

��
=

(
0

n
2�
p
2

�
�� r

p

�2 p=r � 1=�
p=r > 1=�

qn (p=r) =

8<: 0

n
4�

�
�2 �

�
r
p

�2� p=r � 1=�
p=r > 1=�

�1 (q; p; r) = max fpq � rzjq � �zg = max
�
p� r

�

�
q =

�
0
1

p=r � 1=�
p=r > 1=�

q1 (p=r) = argmax
�
p� r

�

�
q =

8<:
0
8
1

p=r < 1=�
p=r = 1=�
p=r > 1=�

d) �1 > �2 > 0 �1 > 0 = �2 c =
(�1��2)

2

4�1
� = �1�2+�2�1

�1+�2
= �2 � = �1�2

�1+�2
= 0

The aggregate production set is: Y =

(
(z; q)

����� q � (�1��2)
2

4�1
+ �2z

q � �1z � �1 (z)2
z � �1��2

2�1

z < �1��2
2�1

)
e) The previous example is exactly the case, when the second �rm is an aggregate of many

identical �rms. In this case the production set coincides with the set of the �rm for small amounts
of input, but becomes linear for large amounts of inputs.
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