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1. Modified Cobb-Douglas Consumers

First, we make a positive monotonic transformation generalizing for n goods:

InU (z Zazln (x; + b;) — max, s.t. p-o<I

Then we deﬁne y; = x; + b; and restate the problem:

InU (y Zazlnyzﬁmaxy s.t. p-y<I+p-b

This is a starlldard Cobb-Douglas problem for which we know the solution:
Py = sita; L +p-b)

a) Assuming positive demand, this implies the following demand functions:

o (&7 (I+p~b) o )
x] - E" e’ Dj b]

b) Therefore, for the demand vector to be strictly positive we need:
z:n (I +p-b)>bp;

It is a sufficient condition, because the utility is strictly monotonic and strictly concave.

: . a1 a2 as
The corresponding parameter vector 6 is (a1 Tortor! GiF et aife +a3>

¢) Assuming o« = p = (1,1,1) and b = (3,4,5) , we are asked to find the income levels, for which

only one good will be consumed. As we derived previously, the demand functions are the following;:
1
3l +1
_ [10+B+4+5) } _ 1
T =4z — 1 —b; +4; . = 31
{3 1 =123 { + }J=1,2,3 11_1

It is clear, that for %I —-1<0 = I < 3 the third good is not consumed.

Because our function is defined on the axis, but negative consumption is prohibited, for lower
values of income consumption of good three will be exactly equal to zero.

Given that, the problem simplifies to:

InU (z Zalln (x; + b;) + a3 n (b3) — max, s.t. p-x<lI

=1
So, basically, we have the same problem but for two goods. It’s solution we have already derived.

L ((34+4)) 7 ol +3
x:{i 1 _bj}j12_{]_b+ }] 1,2 {%[_g
Again, it is clear that for I < 1 the second good is not consumed.
So, when (I < 1)N (I <3) = (I <1) both goods 2 and 3 are not consumed. Answer: [ <1]
d) Assuming o = p = (1,1,1) and b = (b1,4,5) , we repeat the same logic:

5T — 20 +3

3 3

_ J1{U+(b1+4+5)) _J1 1 _ i i
T = {5+ —bj}’_m = {31+ 3by — b; +3}j:172’3 =< sl+3bh—1
= 31+ 5b —2



For (I <6 —by) N (I > 2b; —9) the third good is not consumed.

For (I > 6 —by) N (I < 2by —9) the first good is not consumed.

For the case (I +b; —6 <0)N (I —2b; +9 < 0) we have to check both subcases.

First consider the case when good three is not consumed. Tlhen tlhe choice is determined by:
sl —35by+2

Rt o SE USSR R NES 1

For (I <4 —b;)N (I > by —4) the second good is not consumed.

For (I <b; —4)N (I >4 — by) the first good is not consumed.

The case (I < by —4)N (I <4 —by) is only possible when [ = 0,b; = 4.

Next consider the case when good one is not consum(id. Tlllen the choice is determined by:

r= {%(H(iﬂ - bj}j23 = {%] —bj + %}j:2,3 - { i?t i

Clearly, only if I <1 is it that good three won’t be C(2)IlSU.H21€d.

Now, let’s intersect the cases with the subcases:

Only good 1 is consumed if (/ <6 —0b)N (I >20 —9)NI <4—-b)N(I>b —4).

This is equivalent to [l <4 — 0]

Only good 2 is consumed if (I <6 —by)N (I <by—4)N (I

or (I >6—by)N (I <1)which is equivalent to [({ < b1 —4)

Good 3 will never be consumed alone.

The graph summarizes the regions of interest.
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It suggests, that for sufficiently low incomes for all values of b; # 4 only one good is consumed.



2. Which Commodities?

U=z} (a:g+x§>—>maxx s.t. prx<I

a) When 8 = 1 it simplifies to: U = z¢ (9 + x3) — max, st.  p-x<I

Goods 2 and 3 are perfect substitutes, we can denote them y = x5 + 3.

We get : U = 2%y — max,, s.t. (Paspy) - (z,y) < I

The demand in this setting is standart: Pt = 551, DYy = 2 +1I

Now, the distribution of y between x5 and x3 depends on their relative prices.

In our case, we shall consume the one which is cheaper:
(¥,0)  p2<ps3

(x9,23) =< (t,y—1t) pa=p3 ,wheret € [0,y]. It’s also clear that price p, = min [ps, p3] .
(0 y) P2 >Dp3

- +1 mm[}; - Consumption of good 1 stays the same. Summarizing, we get:

a+1 p1’ a+1 minlpa,p3]’

Therefore, y =

— a [ 1 I _ 1 I
(71,22, 73) = (a—Hp—lat,a—Hm—t> P2 =Dp3 , where ¢ € [Qmm
a I 1 I
a+ip’ Y ol minjpa,ps] D2 > P3
b) The logic is basically the same, except for the fact, that the inner function is not concave.
U = zf (23 + 23) — max, st.  p-ax<I
So, we shall first look at the inner function: 23 + 23 — max,, ., sit. (p2,p3) - (w9, x3) < pyy
The solution to this problem is always a corner solution, such that the cheaper good is consumed
. . 0) D2 < P3 .
only. The corresponding demand is: (9, x3) = (v, Z , and p, = min |ps, p3] .
y ponding (w2, x3) { 0.9) ps > ps Py [p2, ps]
So the problem simplifies to: U = %2? — max, s.t. prei+pix; < I i = argmin [pa, ps) .
This is the again our standard Cobb-Douglas case with: pyz1 = 551, piTi = - +2I
. . ai—l—Zle’aL—i—Zmin[égpg]’o pQSp?’
Summarizing, we get: (z1, T2, x3) = L ) Y
arap Vs s e ) P2 > p3
3. CES function
U—x1+x2—>maxm s.t. p-x<1
L=2zxf+xh+ A (I P1T1 — P2ala)
FOC,, : Py = Ap;i <~ pT; = Apit; BC: I = pimy + paxy (2)
p—1
Combining the FOC’s we get: B = (i—f) (3)

p =
Plugging (3) into (2) we get: I = p12q + pows = prvy (1 -+ (;—f) ) = p11q (1 + (i—f) g >

I —1
Therefore, x] = LE— L & = —r,

- 12 7
p1+p1<pf>” pitp, 1p2” tooopf” +p§

~

Similarly, x5 = - = [11 = 7, %
p2+p2(5)p p2tpy P pf" p{

‘1I P % P

PP e

This implies, that U (z*) = 2] + 28 = (%ﬁ_ﬁ) + <£p2—%> =
p{




p

v T, I
:p—p>p<]?1 + D >: p=T

=1, p-T p o\ 5=
(Plp +pf (plp—l_"_pp—l) 3

For p =1 we get: U (z%) = /[ (L + L) which accomplishes the proof.

P p2

11y 1
b) Now, U = (mf —|—x22) r3 — max, s.t. prax<lI

oU _ | VT3 VT3 VTt re : ou _
5 = [2\/71, N AN ] Note, that lim,, o Fo; — TOO.
This condition guarantees, that for convex preferences mixed bundles are always preferred.

_ Vs 0 1
3 1/T1Ts
4z {
2 _/z3 1
e 0 Wi Wmve - Z—xg <0
1 10 (JFi+/m) o
IN NNV it
3
_ VT 0 1
_VEI 4o} 1/Z1V/T3
3 VT3 1
det éxl v | = ﬁxg >0 det 0 R} 4 [Tay/T3 =0<0
—_— Y 2 X
sas Home 1 1 (Eym)
: WEEs AT o3
3

So, the matrix is negative semidefinite, and the utility function is concave.

This together with the limit property guarantees unique interior solution.

Now, let’s define the amount of money, allocated to the first two goods, as y.

Then the utility of spending y units of money on the first two goods is described by:

Uz (z%) = 4]y (pil + piz)

Therefore, the problem can be reformulated as:
1

11 . :
U=y2x; — max, s.t. y+psxrs < 1 Solving this one we get: y = é = p3x3.
The demand for z; and xs can be recovered, using part (a).

7T =

— YyPy — Y _ YDy — y
U= T AL T2 = —r ~a(ER)
Py Py 1 PI\p1 s Py Py 1 P2\p1 Ty
=3 =3
1/2 1/2 1/2
Therefore, (x1, z2,x3) = ( . 1/ > 1/ - ,p%) )
AGrte) BGotas)



4. Exponential Consumer

U (x) = —bje 4% — bye 472 — max, s.t. p-x <1
L = —bje 4% — pye=472 4 )\ (I — prx1 — paa)
FOC,, : —Abje= 4% = \p; BC: AI P1T1 + PoZo
Combining the FOC’s we get: Z—f = % Z?e’A(“ @)
So, To =1 — + 4 In Zf Z;
b

I =pix1 + p2 (5B1 -4 ik 2;) = (p1+p2)o — Fngt

I+p2 In 2122 I+P1 In zl Z2
Therefore, I = le To = W
Consumption of commodity 1 will be zero, if I < 2 1In %.
Consumption of commodity 2 will be zero, if I < 2 In Z;%.

5. Pareto Efficiency

a) Pareto problem: x‘f‘xg — maxy s.t. vy > U

s.t. T+ 1y S wy s.t. T+ Y2 < wo

L=atx5 + A (ylys — U) +u1(w1—xl—y1)+u2(wz—x2—yz)
FOC,, : %x?x'g = 1y FOC,, : :Cl xg = [l

FOC,, : Tylys =, FOC,, : 2ylys = u,

Combining these we get: %x?xg = y”—ly?yg : - Loyyy = £L’1 oyl

Which implies: -/ x% =/ ?%. Let’s use the resourse Constralnts now:

In case @ = v and 8 = ¢ the solution simplifies to:

2=t & Ty = 211 This is the diagonal of the Edgeworth box.

This is a mere coincidence, which reflects the fact, that both Alex and Bev have identical
preferences.

b) 2Inzf + 24 — max, s.t. 6lna? + 28 >U

st.  xft+aP <100 st as +a2f <100

Plugging in the resource constraints, we simplify the Lagrangian:

L= 21nx1 + 5 + A (61n (100 — xl) +100 — x4 — U)

FOC,, : = Am FOC,, : 1= A

Therefore, the Pareto-optimal frontiere in the interior of the Edgeworth box is determined by:

% = 1006—:171 = T =25

c¢) Plugging the solution into Bev s utility we get:

U® =61n (100 —xl) +100 — 25 = 61075 + 100 — z2'

In the interior, 3 € (0,100) . So, UB € (61n75,61n75 + 100) .

d) Besides the vertical line, we also know, that the Pareto-efficient frontier is a continuous
function, and that the origins of both Alex and Bev have to be on it. Therefore, the only possibility
is that the edges, connecting the origins and the points we derived, are on the Pareto-efficient line.

The proof of this in this particular case is rather simple. Notice, that the slope of the utility
function is independent of the amount of the second good consumed. Therefore, everywhere to the
right of the internal PE there is a potential improvement for both A and B if they go left and up.
Therefore, only the line, connecting (25,100) and (100,100) can be on the PE besides the vertical
segment. A similar argument holds for the case, when we take a point to the left of PE. The graph
illustrates the PE frontier and the slopes of the curves.
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