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Exercise 1

P = (X (X'X)" X = (X)(X'X))X = X (X'(X))" X' =P
PP=XX'X)'"X'X(X'X)'X' =X (X'X)"'X' =P

M =(I-Py=I-P=I-P=M MM=({I—-P)(I- P) =1-2P+PP=I-P=M
PX=PX=XX'X)"'"XX)=X, MX=(I-P)X=(X-X(X'X)"'X'X)=X-X=0

Exercise 2

~ N (0, 021) E (X'X) ' X'y = (X'X) ' X'(XB+e) =+ (X'X)" X
6 ~ N (8,0 (X'X) T X'X(X'X) ) = N (8,0*(X' X))
e=Me~ N (0,0°MM') =N (0,62°MM) = N (0,6>M)
Hence, e and 3 have joint normal distribution.
E(X'X) ' X'e - (Me)] = (X'X) ' X'M' = > (X'X)" (MX) =0
Therefore, they are independent.
trace (M) = trace (I — P) = trace (I) — trace (P) =n — k
%o =M o \2(n — k), E[%] =n—k = E[£e] =0

Exercise 3

Because ® is monotonically increasing, we have Y < y if and only if ® (V) < & (y). Hence,
PrlY <y|=Pr[@(Y)<®(y)] =Pr[®@ ' (U)) <P(y)] =Pr[U < ®(y)] = ®(y). Therefore, if
U~U(0,1), then ® (U) has c.d.f. ®,i.e. D1 (U) ~ N(0,1).

Exercise 4

X, ~ x2(n). If we had Y; ¢ N(0,1), then -7, V2 ~ y*(n).

We can treat X, as a sum of some i.i.d. normal Y2 because their distributions are equivalent.
By construction ¥; X N(0,1) and Z; = Y2 2(1).  E[Z]=1 Var[Z]=2

Replacing X2t = =i — /(Y2 — 1) = /n(Z — 1) = \/a(Z — E[Z))

By LLN a(Z — E[Z]) % N(0,Var [Z]) = N(0,2).

Exercise 5
2
N Oy POy O x .
2= [ (] Lo ")) = v
Y — py
Z=Z-p=| y_ o }NN(O,Z)
U |V =) =pe (X =) | [ =on [ [ Y = | _ 45
X — pux X — pux 0 1 X — pux
7 / 0 012/_/020)2/ 0
AZ ~ N (A0, AXA) =N ol 0 2 = VarU = o2 — p*o
X



U and X — px have joint normal distribution with zero covariance and hence are independent.
Y =py +p2 (X —pux) +U

V(X =) = py +p2- (¢ = jix) + U ~ Ny + p25 (2 = pix) , Var)
2
E[YVAX =a] = Var[Y| X = 2]+ B[Y| X = af =0} = p?o} + (v + 92 (2 — 1x))

Exercise 6

X, N N(po?) = X;—pN N0 = Z=Xom W N(,1)
Xi=p+oZ X:%Zle ,u+alzllZi:,u+JZ

iy (6-X) Ay (ureZiw—oZ)’ Lyr (z-7)
TGEn )T (Greoz-uoz)) ()"

(%=
plim (L0, (7 - 7)2)3/ "= plim (A z2- (A, ZZ-)Q)M =

n—oo n—oo

o\ 3/2
(ph‘m% s, 27 - (pimd £, 2,) ) - (B123) - (B2 =1

Blz#) =48 B[z =0 Y -3 O -5
z3 0 z3 VASVARY A 0
E| 7| = 1] Var | Z? | =E | Z° Z} 73 | — 1][0 10]=
Z, 0 Z, Z4 73 72 0
15 0 3 000 15 0 3
0 3 O] — |:0 1 0]l=(0 220
3 01 000 3 01
The vector is i.i.d. with finite expectation and variance. Hence, by LLN
Ly 73 0 0 15 0 3
Vil i,z -1 2N(]o],]0 20
i 7, 0 0 3 o 1
[+ 2] %ZLZ? 7 i Zi ] A Co )
Ly (2,-7) = A, —3C,B, +2(C u( w B G ])
G = 2o (071’0):[1 =3C, =3B, +6(Co)* ]|y, =1 0 —3]
15 0 3 1
w([010])=0 w=65¢'=[10 -3]] 0 20]{0 =6
3 01 -3
¥ i 2
By delta-method: %Z (Z - Z) =vnlu DI Zf] —0| 2 N(0,6)
%Z?:IZI'
) 1 —n —\3 d . " —.\2\3/2
Summing up, %Ziil (Zi—Z)" = N(0,6), plim <E Y (Zi—2) ) =1

By continuity plim L =
y Y 2_}00 (izyzl(zfiy):a/z:l

Lyr,(z-2)° 4
By Slutsky, /nY, = 1“_” i — 2)3/2 — N (0,6).
(Z i= 1(Z Z) >




