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Exercise 1

P 0 = (X (X 0X)−1X 0)0 = (X 0)0((X 0X)−1)0X 0 = X (X 0(X 0)0)−1X 0 = P
PP = X (X 0X)−1X 0X (X 0X)−1X 0 = X (X 0X)−1X 0 = P
M 0 = (I −P )0 = I −P 0 = I −P =M MM = (I −P )(I −P ) = I − 2P +PP = I −P =M
PX = PX = X (X 0X)−1X 0X) = X, MX = (I −P )X = (X −X (X 0X)−1X 0X) = X −X = 0

Exercise 2

ε ∼ N (0, σ2I) , bβ = (X 0X)−1X 0y = (X 0X)−1X 0(Xβ + ε) = β + (X 0X)−1X 0εbβ ∼ N
¡
β, σ2 (X 0X)−1X 0X (X 0X)−1

¢
= N

¡
β, σ2 (X 0X)−1

¢
e =Mε ∼ N (0, σ2MM 0) = N (0, σ2MM) = N (0, σ2M)

Hence, e and bβ have joint normal distribution.
E[(X 0X)−1X 0ε · (Mε)0] = σ2 (X 0X)−1X 0M 0 = σ2 (X 0X)−1 (MX)0 = 0
Therefore, they are independent.
trace (M) = trace (I − P ) = trace (I)− trace (P ) = n− k
e0e
σ2
= ε0Mε

σ2
∼ χ2(n− k), E

£
e0e
σ2

¤
= n− k ⇒ E

£
e0e
n−k
¤
= σ2.

Exercise 3

Because Φ is monotonically increasing, we have Y ≤ y if and only if Φ (Y ) ≤ Φ (y). Hence,
Pr [Y ≤ y] = Pr [Φ (Y ) ≤ Φ (y)] = Pr [Φ(Φ−1 (U)) ≤ Φ (y)] = Pr [U ≤ Φ (y)] = Φ (y). Therefore, if
U ∼ U (0, 1), then Φ−1 (U) has c.d.f. Φ, i.e. Φ−1 (U) ∼ N(0, 1).

Exercise 4

Xn ∼ χ2(n). If we had Yi
iid∼ N(0, 1), then

Pn
i=1 Y

2
i ∼ χ2(n).

We can treat Xn as a sum of some i.i.d. normal Y 2
i because their distributions are equivalent.

By construction Yi
iid∼ N(0, 1) and Zi = Y 2

i
iid∼ χ2(1). E [Zi] = 1 V ar [Zi] = 2

Replacing Xn−n√
n
=

Pn
i=1 Y

2
i −n√
n

=
√
n(Y 2 − 1) = √n(Z − 1) = √n(Z −E [Z])

By LLN
√
n(Z −E [Z])

d→ N(0, V ar [Z]) = N(0, 2).

Exercise 5

Z =

∙
Y
X

¸
∼ N

µ∙
µY
µX

¸
,

∙
σ2Y ρσY σX

ρσY σX σ2X

¸¶
= N (µ,Σ)

eZ = Z − µ =

∙
Y − µY
X − µX

¸
∼ N (0,Σ)∙

U
X − µX

¸
=

∙
(Y − µY )− ρσY

σX
(X − µX)

X − µX

¸
=

∙
1 −ρσY

σX

0 1

¸ ∙
Y − µY
X − µX

¸
= A eZ

A eZ ∼ N (A0, AΣA0) = N

µ∙
0
0

¸
,

∙
σ2Y − ρ2σ2Y 0

0 σ2X

¸¶
⇒ V arU = σ2Y − ρ2σ2Y

1



U and X − µX have joint normal distribution with zero covariance and hence are independent.
Y = µY + ρσY

σX
(X − µX) + U

Y | (X = x) = µY + ρσY
σX
(x− µX) + U ∼ N

³
µY + ρσY

σX
(x− µX) , V arU

´
E [Y 2|X = x] = V ar [Y |X = x] +E [Y |X = x]2 = σ2Y − ρ2σ2Y +

³
µY + ρ σY

σX
(x− µX)

´2
Exercise 6

Xi
iid∼ N(µ, σ2) ⇒ Xi − µ

iid∼ N(0, σ2) ⇒ Zi =
Xi−µ
σ

iid∼ N(0, 1)

Xi = µ+ σZi X = 1
n

Pn
i=1Xi = µ+ σ 1

n

Pn
i=1 Zi = µ+ σZ

Yn =
1
n

Pn
i=1(Xi−X)

3³
1
n

Pn
i=1(Xi−X)

2
´3/2 = 1

n

Pn
i=1(µ+σZi−µ−σZ)

3³
1
n

Pn
i=1(µ+σZi−µ−σZ)

2
´3/2 = 1

n

Pn
i=1(Zi−Z)

3³
1
n

Pn
i=1(Zi−Z)

2
´3/2

plim
n→∞

³
1
n

Pn
i=1

¡
Zi − Z

¢2´3/2
= plim

n→∞

³
1
n

Pn
i=1 Zi

2 −
¡
1
n

Pn
i=1 Zi

¢2´3/2
=Ã

plim
n→∞

1
n

Pn
i=1 Zi

2 −
µ
plim
n→∞

1
n

Pn
i=1 Zi

¶2!3/2
=
¡
E [Zi

2]− (E [Zi])
2¢3/2 = 1

E
£
Z2k

¤
= (2k)!

2kk!
E
£
Z2k−1

¤
= 0 1

2k
(2k)!
(k)!

¯̄̄
k=2

= 3 1
2k
(2k)!
(k)!

¯̄̄
k=3

= 15

E

⎡⎣ Z3i
Z2i
Zi

⎤⎦ =
⎡⎣ 01
0

⎤⎦ V ar

⎡⎣ Z3i
Z2i
Zi

⎤⎦ = E

⎡⎣ Z6i Z5i Z4i
Z5i Z4i Z3i
Z4i Z3i Z2i

⎤⎦−
⎡⎣ 01
0

⎤⎦ £ 0 1 0
¤
=

⎡⎣ 15 0 3
0 3 0
3 0 1

⎤⎦−
⎡⎣ 0 0 0
0 1 0
0 0 0

⎤⎦ =
⎡⎣ 15 0 3
0 2 0
3 0 1

⎤⎦
The vector is i.i.d. with finite expectation and variance. Hence, by LLN

√
n

⎛⎝⎡⎣ 1
n

Pn
i=1 Z

3
i

1
n

Pn
i=1 Z

2
i

1
n

Pn
i=1 Zi

⎤⎦−
⎡⎣ 01
0

⎤⎦⎞⎠ d→ N

⎛⎝⎡⎣ 00
0

⎤⎦ ,
⎡⎣ 15 0 3
0 2 0
3 0 1

⎤⎦⎞⎠
£
1
n

Pn
i=1 Z

3
i

1
n

Pn
i=1 Z

2
i

1
n

Pn
i=1 Zi

¤0 ≡ £ An Bn Cn

¤0
1
n

Pn
i=1

¡
Zi − Z

¢3
= An − 3CnBn + 2 (Cn)

3 = u
³£

An Bn Cn

¤0´
G = ∂u(x)

∂x

¯̄̄
(0,1,0)

=
£
1 −3Cn −3Bn + 6 (Cn)

2
¤¯̄
(0,1,0)

=
£
1 0 −3

¤
u
³£
0 1 0

¤0´
= 0 w = GΣG0 =

£
1 0 −3

¤⎡⎣ 15 0 3
0 2 0
3 0 1

⎤⎦⎡⎣ 1
0
−3

⎤⎦ = 6
By delta-method: 1√

n

Pn
i=1

¡
Zi − Z

¢3
=
√
n

⎛⎝u

⎛⎝⎡⎣ 1
n

Pn
i=1 Z

3
i

1
n

Pn
i=1 Z

2
i

1
n

Pn
i=1 Zi

⎤⎦⎞⎠− 0
⎞⎠ d→ N (0, 6)

Summing up, 1√
n

Pn
i=1

¡
Zi − Z

¢3 d→ N (0, 6) , plim
n→∞

³
1
n

Pn
i=1

¡
Zi − Z

¢2´3/2
= 1

By continuity plim
n→∞

1³
1
n

Pn
i=1(Zi−Z)

2
´3/2

=1
= 1.

By Slutsky,
√
nYn =

1√
n

Pn
i=1(Zi−Z)

3³
1
n

Pn
i=1(Zi−Z)

2
´3/2 d→ N (0, 6) .

2


