
Econ203C Homework #1 Anton Cheremukhin

April 12, 2006

Exercise 1

ci = β1 + β2y
∗
i + ui ui ∼ i.i.d. (0, σ2) observe yi = y∗i + vi vi ∼ i.i.d. (0, w2)

E (viy
∗
i ) = E (viui) = 0 regress ci = β1 + β2yi + εi

a) β1 + β2y
∗
i + ui = ci = β1 + β2yi + εi = β1 + β2 (y

∗
i + vi) + εi = β1 + β2y

∗
i + (β2vi + εi)

εi = ui − β2vi yi = y∗i + vi cov (yi, εi) = E [(y∗i + vi −Ey∗i ) (ui − β2vi)] =
= Ey∗i ui − β2Ey

∗
i vi +Eviui − β2Ev

2
i −Ey∗i (Eui − β2Evi) = −β2Ev2i < 0 if β2 > 0
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¢ p→ cov(yi, εi) = −β2Ev2ibβ2 p→ β2
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¶
< β2

Exercise 2

yi = xiβ0 + σuui E (uivi) = ρ ui ∼ N (0, 1) vi ∼ N (0, 1) i = 1, n
xi = wiπ0 + σvvi ∃wi : w0iwi = 1, cov (wi, vi) = 0
a) Though not stated clearly enough in the problem, we need to assume a joint normal distribu-

tion. Otherwise we can generate ui = {vi if |vi| < a;−vi if |vi| ≥ a} , and construct εi = ui − ρvi
such that both are normal, E (uivi) = ρ, but εi|vi is a known non-zero function.∙

ui
vi

¸
∼ N

µ∙
0
0

¸
,

∙
1
ρ

ρ
1

¸¶
⇒ ui|vi ∼ N(0 + ρ (vi − 0) , 1− ρ2) = N(ρvi, 1− ρ2)

Hence, E (ui|vi) = ρvi, ui|vi = ρvi +N(0, 1− ρ2) = ρvi + εi|vi
Define εi = ui − ρvi. Then, ui|vi = ρvi + εi|vi. E (εi|vi) = E (ui|vi)− ρvi = 0

b) Since w is an instrument, bβIV = (wx0)−1 (wy)
c) bβIV − β0 =

w(x0β0+σuu)
wx0 − β0 =

σuwu
wx0 =

σuw(ρv+ε)

w(w0π+σvv)
0 =

σu(ρwv+wε)
π+σvwv0

d) if σv = 0 then E
³bβIV − β0

´
= E σu(ρwv+wε)

π
= σu

π
(ρEwv +Ewε) = 0.

Intuition: if there is no uncertainty in the second equation, then x is not stochastic and by sub-
stituting equations the system can shown to be equivalent to standard CLR (by the way, assumption
σv = 0 violates E (uivi) = ρ unless it is a zero constant).

Exercise 3

a) To be an instrument it must be true that E(zu) = 0 and cov(z, x) 6= 0
b) bβIV − β =
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¢ p→ ΣZX finite, p.d., non-singular by LLN.
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¢ d→ N (0, σ2uE [zz
0]) by CLT.
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