Econ203B Homework #2 Anton Cheremukhin

February 5, 2006

Exercise 1

The power of a test is the probability to reject a false null hypothesis. The alternative hypothesis
here is Hy : f = 3. So we can compute the probability of Hy being rejected given that H; is true.
B~ N(B,03), Zo=Plos~N(B.1), U= Zy—f=plog—F~N(0,1)

Power of the test is equal to Pr (| Zy| > 1.645|8) = Pr (U > 1.645 — fUU < —1.645 — ) =

®(—1.645 — ) + 1 — ®(1.645 — ). The result does not depend on o3.

-2 -1.5 -1 -0.5 0 105 1 1.5 2
0.6388 | 0.4432 | 0.2635 | 0.1421 | 0.1 | 0.1421 | 0.2635 | 0.4432 | 0.6388

Exercise 2

(a) Try to compute the probability of Hy being rejected given that H, is true: 5 ~ N (8,%),
R / . . R 2 o

Wo=(3-60) 57 (5= o) = fro1p = LHEZAS © 32 (2) under Hy
. ’ X

Wy = (5 - 5) D (ﬁ - ﬁ) =Wy + 6%4-51%;2;6152 9bibithobs X% (2) under H,;

1+r

Here the chi-square and the normal B are not independent so we can’t compute the result
analytically. We shall estimate the power numerically by applying the Monte-Carlo technique with
10° iterations. To do so we generate realizations of B~ N (8,%) given each of the 9 true pairs of
B. For that we decompose C'C’" = ¥ and generate 5 = 3+ Cz where z = N (0, I).

- [ 1 r| [ V1—1Z 7 Vi—-r2 0] .,
Y= = =CC
r 1 0 1 r 1

Then calculate W, and the probability of Hy being rejected in each case. Power of the test is
equal to Pr (W, > 5.99|5).
' 0.50 0.185 | 0.155 0.185 | 0.05 | 0.185 | 0.155 | 0.185 | 0.50
r=-0.6 <_171) <_170) (_17_1) (Oal) (an) (07_1) (171) (170) (17_1)
' 0.155 | 0.185 | 0.50 0.185 | 0.05 | 0.185 | 0.50 | 0.185 | 0.155

The results rotated 90 degrees, so that powers for anticorrelated betas and correlated betas
swapped. The absolute values did not change as suggested by our analytical analisis.

Exercise 3

(@)Pr (Y =y| X; =x) = e (B2)" /y!  logPr(Y; =y| X; = x)z—xﬁwlog(ﬂrﬁ) log y!
L=1loglll, Pr(Y; =y| X; =2) =X, logPr(Y; —y]X x) =X, (—x;8 + y;log (x;5) — log y;!)
FOC: 852:‘_ (—x:08 + yilog (z;6) — logy;!) = 2?21( x; + yz) - —n <x— l) = 0= By = y/x
(b) By LLNy 5 E[Y],z % E [X] by continuity £ % [E [X || 7" by Slutsky Bup 2 E[Y]/E [X]

(c) x; ~ tid, y; ~ tid, Poisson (x;) ny = Y Poisson (x;) = Poisson (Xx;) = Poisson (nx)
Bur = §/T ~ +Poisson (nx) — +Poisson (nE [X])

1



Exercise 4
Y =XB+e, e|lX ~ N(0,5%I,), Y|X ~ N (XS, 3%1,)
. 2
L = log [I—2 ( (1x16)):c+2(—10gﬁ M>—>ma><:5

232
—%+<%—wz)%>=—ﬂ<62+w—y‘%)=0

Soc: ¥ %—{—@xiyi—@yi) == (5%2@5—3?3) <0

B, € {—% (X’Y (XY - 3nY’Y> 1 (X’Y — vy - 3nY’Y>]

1(8]X)= E[z( ngzyz—myz)’X] B [2%+%xi(xi5+g)—%(Wﬂ)a‘){] _
B[ 4 m(1- %) e —fe ‘X] -2 [+ (1-F) BllX] - 2E21X)] = 2252

I(px)™" #i%z — the Cramer-Rao Lower Bound on the variance of 5.

Exercise 5

Yi=XB+e, alXi~N(0,(Z7)7),  YilXi~ N (X8, (Z7)%)

(i—ziB) (i—wiB) \ _ _ N wi—miB) (yi—ziB)
L =log Hm exp (— 2o ) =c+X < log (2:) 20or)? ) — Mmax(g,)
. L __ yriyi—ziB) _ AL _ sy 1 | (wi—ziB) (yi—zifB)
FOC: o8 2 (zi)? 0 oy ZZZ ( Ziy + (sz) ) 0
. PL o T 2L oy wizi(yi—ziB)  82L W, (yi—ziB)’ (yl z;3)
SOC: ag95 = ~Sy 3g9y = ~25 Gy Bov = 4% (G T 3T ot >
(8.11X,2) RiED 2R
I(BX,2)=-E ; “ X, Z| =
’ ! _ (yi—iB) / S 1 (yi—z:B)’ (yi—iB) ’
2RI AT SR <<i A —— )
xix’. xiz E; T4
(zm,)2 (2i7)° X 7| = E(zm) 0 ]
ZiTi€i & 61 _ 1 ’ 2%,
2 R (3<z e (zn)2> 0 2xgoe
Exercise 6
2
2 0.67
Bors = (X'X) {%]:{1.831 §?= e =5
121 11
—— [ = =2 - 1.50
Var [5OLS} = { o } s.e. [ﬁOLS] = { }
—ﬁ T8 0.32

1.65

o 4484375 14888125 . 0.603
Var [fors] = | it BB | s [fous] = | 0o |
98706 816 789654 528 :

2471
B _ (le—lx)—l le—ly — 202 :| _ [ 1.22 ] §2 = ele __ 35875
GLS 26 759 n—k 194 688

Exercise 7

E[Y|X]=XB8  fows=(X'X)"' XY

YV*=TY X*=TX E[Y*X*=E[TY|TX]=TX8=X*p

Bars = (X¥X*) ' X¥Y* = (X'T'TX) ' X'T'TY

Only if 7T = I, is it that (X'T"TX)"" X'T'TY = (X'X)~" X'Y and the estimates coincide.



