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Exercise 1

The power of a test is the probability to reject a false null hypothesis. The alternative hypothesis
here is H1 : β = β. So we can compute the probability of H0 being rejected given that H1 is true.
β̂ ∼ N

¡
β, σ2β

¢
, Z0 = β̂/σβ ∼ N (β, 1) , U = Z0 − β = β̂/σβ − β ∼ N (0, 1)

Power of the test is equal to Pr (|Z0| > 1.645|β) = Pr (U > 1.645− β ∪ U < −1.645− β) =
Φ(−1.645− β) + 1− Φ(1.645− β). The result does not depend on σ2β.

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0.6388 0.4432 0.2635 0.1421 0.1 0.1421 0.2635 0.4432 0.6388

Exercise 2

(a) Try to compute the probability of H0 being rejected given that H1 is true: β̂ ∼ N (β,Σ) ,

W0 =
³
β̂ − β0

´0
Σ−1

³
β̂ − β0

´
= β̂0Σ−1β̂ =

β̂21+β̂
2
2−2rβ̂1β̂2
1−r2 ∼ χ2 (2) under H0

W1 =
³
β̂ − β

´0
Σ−1

³
β̂ − β

´
=W0 +

β21+β
2
2−2rβ1β2
1−r2 − 2 β̂1β1+β̂2β2

1+r
∼ χ2 (2) under H1

Here the chi-square and the normal β̂ are not independent so we can’t compute the result
analytically. We shall estimate the power numerically by applying the Monte-Carlo technique with
105 iterations. To do so we generate realizations of β̂ ∼ N (β,Σ) given each of the 9 true pairs of
β. For that we decompose CC 0 = Σ and generate β̂ = β + Cz where z = N (0, I).

Σ =

∙
1 r
r 1

¸
=

∙ √
1− r2 r
0 1

¸ ∙ √
1− r2 0
r 1

¸
= CC 0

Then calculate W0 and the probability of H0 being rejected in each case. Power of the test is
equal to Pr (W0 > 5.99|β).

r=0.6
(−1, 1) (−1, 0) (−1,−1) (0, 1) (0, 0) (0,−1) (1, 1) (1, 0) (1,−1)
0.50 0.185 0.155 0.185 0.05 0.185 0.155 0.185 0.50

r=-0.6
(−1, 1) (−1, 0) (−1,−1) (0, 1) (0, 0) (0,−1) (1, 1) (1, 0) (1,−1)
0.155 0.185 0.50 0.185 0.05 0.185 0.50 0.185 0.155

The results rotated 90 degrees, so that powers for anticorrelated betas and correlated betas
swapped. The absolute values did not change as suggested by our analytical analisis.

Exercise 3

(a)Pr (Yi = y|Xi = x) = e−βx (βx)y /y! log Pr (Yi = y|Xi = x) = −xβ + y log (xβ)− log y!
L = logΠn

i=1 Pr (Yi = y|Xi = x) = Σn
i=1 log Pr (Yi = y|Xi = x) = Σn

i=1 (−xiβ + yi log (xiβ)− log yi!)
FOC: ∂

∂β
Σn
i=1 (−xiβ + yi log (xiβ)− log yi!) = Σn

i=1

³
−xi + yi

β

´
= −n

³
x̄− ȳ

β

´
= 0⇒ β̂ML = ȳ/x̄

(b) By LLN ȳ
p→ E [Y ] , x̄

p→ E [X] by continuity 1
x̄

p→ [E [X]]−1 by Slutsky β̂ML
p→ E [Y ] /E [X]

.
(c) xi ∼ iid, yi ∼ iid, Poisson (xi) nȳ = ΣPoisson (xi) = Poisson (Σxi) = Poisson (nx̄)
β̂ML = ȳ/x̄ ∼ 1

n
Poisson (nx̄)→ 1

n
Poisson (nE [X])

1



Exercise 4

Y = Xβ + ε, ε|X ∼ N (0, β2In) , Y |X ∼ N (Xβ, β2In)

L = logΠ 1√
2πβ2

exp
³
− (yi−xiβ)

2

2β2

´
= c+ Σ

µ
− log β − (

yi
β
−xi)

2

2

¶
→ maxβ

FOC: Σ
³
− 1

β
+
³
yi
β
− xi

´
yi
β2

´
= − n

β3

³
β2 + xiyiβ − y2i

´
= 0

β̂ML = − 1
2n

µ
X 0Y ±

q
(X 0Y )2 − 4nY 0Y

¶
SOC: Σ

³
1
β2
+ 2

β3
xiyi − 3

β4
y2i

´
= n

β4

³
β2 + 2xiyiβ − 3y2i

´
< 0

β̂ML ∈
∙
− 1

n

µ
X 0Y +

q
(X 0Y )2 − 3nY 0Y

¶
;− 1

n

µ
X 0Y −

q
(X 0Y )2 − 3nY 0Y

¶¸
I (β|X) = −E

h
Σ
³
1
β2
+ 2

β3
xiyi − 3

β4
y2i

´¯̄̄
X
i
= −E

h
Σ 1

β2
+ 2

β3
xi (xiβ + ε)− 3

β4
(xiβ + ε)2

¯̄̄
X
i
=

−ΣE
h
1−x2i
β2

+ xi
³
1− 6

β3

´
ε− 3

β4
ε2
¯̄̄
X
i
= −Σ

h
1−x2i
β2

+ xi
³
1− 6

β3

´
E [ε|X]− 3

β4
E [ε2|X]

i
= Σ

x2i+2

β2

I (β|X)−1 = β2

X0X+2n — the Cramer—Rao Lower Bound on the variance of β̂ML.

Exercise 5

Yi = Xiβ + εi, εi|Xi ∼ N
¡
0, (Ziγ)

2¢ , Yi|Xi ∼ N
¡
Xiβ, (Ziγ)

2¢
L = logΠ 1√

2π(ziγ)
2
exp

³
− (yi−xiβ)

0(yi−xiβ)
2(ziγ)

2

´
= c+ Σ

³
− log (ziγ)− (yi−xiβ)0(yi−xiβ)

2(ziγ)
2

´
→ max(β,γ)

FOC: ∂L
∂β
= Σ

x0i(yi−xiβ)
(ziγ)

2 = 0 ∂L
∂γ
= Σz0i

³
− 1

ziγ
+ (yi−xiβ)0(yi−xiβ)

(ziγ)
3

´
= 0

SOC: ∂2L
∂β∂β0 = −Σ

xix0i
(ziγ)

2
∂2L
∂β∂γ0 = −2Σ

xiz0i(yi−xiβ)
(ziγ)

3
∂2L
∂γ∂γ0 = Σziz

0
i

³
1

(ziγ)
2 − 3 (yi−xiβ)

0(yi−xiβ)
(ziγ)

4

´
I (β, γ|X,Z) = −E

⎡⎣ −Σ xix
0
i

(ziγ)
2 −2Σ (yi−xiβ)

(ziγ)
3 xiz

0
i

−2Σ (yi−xiβ)
(ziγ)

3 zix
0
i Σziz

0
i

³
1

(ziγ)
2 − 3 (yi−xiβ)

0(yi−xiβ)
(ziγ)

4

´ ¯̄̄̄¯̄X,Z

⎤⎦ =
E

⎡⎣ Σ
xix0i
(ziγ)

2 2Σ
xiz0iεi
(ziγ)

3

2Σ
zix

0
iεi

(ziγ)
3 Σziz

0
i

³
3 εi0εi
(ziγ)

4 − 1
(ziγ)

2

´ ¯̄̄̄¯̄X,Z

⎤⎦ = " Σ
xix

0
i

(ziγ)
2 0

0 2Σ
ziz

0
i

(ziγ)
2

#
Exercise 6

β̂OLS = (X
0X)−1X 0Y =

∙
2
3
11
6

¸
=

∙
0.67
1. 83

¸
s2 = e0e

n−k =
55
18

dV ar hβ̂OLSi = ∙ 121
54

−11
27

−11
27

11
108

¸
s.e.

h
β̂OLS

i
=

∙
1. 50
0.32

¸
β̂GLS = (X

0V −1X)
−1

X 0V −1Y =

∙
2471
2028
26 759
16 224

¸
=

∙
1. 22
1. 65

¸
s2 = e0e

n−k =
35 875
194 688

dV ar hβ̂OLSi = ∙ 4484 375
12 338 352

−14 888 125
98 706 816

−14 888 125
98 706 816

78 530 375
789 654 528

¸
s.e.

h
β̂OLS

i
=

∙
0.603
0.315

¸
Exercise 7

E [Y |X] = Xβ β̂OLS = (X
0X)−1X 0Y

Y ∗ = TY X∗ = TX E [Y ∗|X∗] = E [TY |TX] = TXβ = X∗β
β̂GLS = (X

∗0X∗)−1X∗0Y ∗ = (X 0T 0TX)−1X 0T 0TY
Only if T 0T = I, is it that (X 0T 0TX)−1X 0T 0TY = (X 0X)−1X 0Y and the estimates coincide.
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