Economics 203A, Homework #1 Anton Cheremukhin

October 11, 2005

Exercise 1 If the sample space is = Cy U Cy and if P(Cy) = 0.8 and P(Cy) = 0.5, find
P(CyNCy).

P’l"OOf. P(Cl N Cg) = P(Cl) + P(Cg) — P(Cl U Cg) =08405—-1=03 m
Exercise 2 If P (C) > 0 and if Cy,Cy, ... are mutually disjoint sets, show that

P(CLUGU---|C) = P(Ch|C) + P (G| C) + -

Proof. P(C1UC,U--|C) = EUOUGL-100) _ PUONONCINON-) _ HONCHACHON- _

Exercise 3 Prove that
P(CiNCoNC3nCy) =P (C) P(Co| Cr) P(C3|C1NCy) P(Cy|C1 N CyN Cs)

P’I‘OOf. P(C’ﬂ?C’gﬂC’gﬂC&;) = P(C’lﬂ(C’gﬂC’gﬂC4)) = P(Cl)P(CzﬂC3ﬂC4|Cl) =
P(C) P(Cy|C)P(CsnCy|CLNCy) =P (Cy) P (Co|Ch) P(Cs|CLNCy) P(Cy|CiNCNCy) m

Exercise 4 Bowl 1 contains 3 red chips and 7 blue chips. Bowl 2 contains 6 red chips and 4 blue
chips. A bowl is selected at random and then 1 chip is drawn from this bowl.
(a) Compute the probability that this chip is red.
(b) Relative to the hypothesis that the chip is red, find the conditional probability that it is drawn
from Bowl 2

Proof. Define A={1,2} - number of bowl, B={r,q} - color of chip.

(o) P(B=r)=PB=rNn(A=1UA=2))=PB=rNA=1)+PB=rnA=2)=
P(B=r|A=1)P(A=1)+P(B=r|A=2)P(A=2)=3/10%1/2+6/10 % 1/2 = 9/20.

P(A=2NB=r P(B=r|A=2)P(A=2 6/20
(MPM:ﬂB:M:(HkH):( A&U >:§%:y3-

Exercise 5 If C; and Cs are independent events, show that Cy and C§ are also independent.

Proof. If Cy and Cy are independent events, then P (Cs| Cy) = P (Cy), then P(CS|Cy) =
P(CiNC5) /P(Cy) = (P(C1) — P(CiNC))/P(C1) = 1= P(Ca| C1) = 1= P(C) = P(C3) which
means that Cy and C§ are independent events. m

Exercise 6 Let C; and Cy be independent events such that P (Cy) = 0.6 and P (Cy) = 0.3. Com-
pute P (C; N Cy) and P (Cy U Cy)
PTOOf. P(Ol N 02) = P(Cg|01) : P(Cl) =P (CQ) - P (Cl> =0.18
P(CiUCy)=1-P(CsNCS) =1—=P(CS5)-P(CS)=1—(1—P(Cy))(1 = P(Cy)) =0.72
P(Cl U Cg) = P(Cg) + P(Cl) — P(Cl N Cg) =072 m

Exercise 7 Let f () = /15, x = 1,2,3,4,5, zero elsewhere, be the p.d.f. of a X. FindPr(X =1 or2),
Pr(4 <X <2), andPr(1<X <2)
Proof. Pr(1< X <2)=Pr(4 <X <2)=Pr(X=10r2)=1/15+2/15=1/5 =



Exercise 8 Let the probability set function of the random variable X be
P(A) = / e *dx, AC(0,00)
A

Let Ay ={x:2—-1/k<zx<c}. k=1,2,3,... Find limy_,o, Ay and P (limy_,o, Ag). Find P (Ay)
and limy,_,o P (Ay)
Proof. A =limy_ o Ay ={z:2<z<c}
(As) = [, e "dr = fyemde =—el5=e?—e"
Ap) = fAk e tdr = fch/k e tdr = _€7I|§—1/k =e ke

limy, o0 P (Az) = limp_ oo 67271k —

Exercise 9 For each of the following probability density functions of X, compute Pr (| X| < 1)
(a) f (z) = 2?/18, =3 < z < 3, zero elsewhere
(b) f(z)=(x+2)/18, =2 < x <4, zero elsewhere

Proof. Pr(|X]| <1)= 18] (dr =% =L

z\|L —
Pr(|X|<1_18f x+2dx—(—+§)|71:3—61+%:%.

Exercise 10 Let f(x) =1, 0 < = < 1, zero elsewhere, be the pdf of X. Find the distribution
function and the pdf of Y =+vX. Hint: Pr(Y <y) =Pr (\/X < y) =Pr (X <¢?)

Proof. F(z)= [ _f(t)dt ==, if0<z <1, 1ifz>1, 0ifx<0

F(y) = Pr(X<y)—y if0<y<1,1ify>1,0ify<0

fly) = dF(y) =2y, if 0 <y <1, 0 elsewhere m

Exercise 11 Let f(x) = 2z, 0 < z < 1, zero elsewhere, be the pdf of X. Find the distribution
function and the pdf of Y = X2.
Proof. F (z) = [*_ f( YAt =22 if 0<z <1, 1ifz>1, 0ifx <0
Fly)=Pr(X2<y)=Pr(— /< X< H) =y if0<y<ly>0,1ify>1,0ify<0
fly) = %;y) =1,if0 <y <1, 0 elsewhere m

Exercise 12 Let X have the pdf f () = (x4 2) /18, —2 < x < 4, zero elsewhere. Compute E [X],
and E [X?]
Proof. F[X]| = 18f (x+2)d 1—18(%3 + 2?)
Proof. E[X —18f2 (x+2) dx:i(% .

4 3 3
:%(4% +42 - 92)

=2 n
4 44924 128+16
| () =

—2 18

Exercise 13 Let f (x) = (%)m, x=1,2,3,..., zero elsewhere, be the pdf of the random variable X .

Find the moment generating function, the mean, and the variance of X

Lot
Proof. M(t) = Eexp(t- X)] = Yexp ( nt) ( 1)" = f) 2 <t<In2
_dM(t) o et - 2
EX]= =5 R 7y 2 B GRS =2
2 d2M(t et(i+1eh) 3/4
VerlX] = B[] - BIXJ' = 58|~ 4= 03|~ t=npp - 1=2

Exercise 14 Let X be a random variable such that E [(X - b)ﬂ exists for all real b. Show that
E[(X - b)2] is a minimum when b = E[X]

Proof. E [(X —b) ] — min, FOC: arfx v

= =2E[X —b] =0 hence b* =F [X| =



Exercise 15 Let X be a random variable with mean u and variance o*. The ratio E [ (X — ,u)3} / o3
15 often used as a measure of skewness. Compute the skewness for the following probability density
functions:

(a) f(x)=(x+1)/2, =1 <z <1, zero elsewhere
() f(z)=13, —1<z <1, zero elsewhere
(c) f(x)=(1—x)/2, =1 <z <1, zero elsewhere

Proof. (o) p= [' 28 dr =1/3, 0 = [1 (2 — p)*ERdx = /2/3,
E[(X —p)?’ o= [1 (¢ — pPElde = —2v2/5

(b) u= fil ride =0, 0 = fjl(x — p)?idz =1/V/3,

B((X - )0 = (& — )z =0

(c) u= f_llx(lgx)dx =-1/3, 0= f_ll(x — )50 dr = /2/3,
E[(X - u)?’] o3 = f_ll(x - M)S%dx =2V2/5 m

Exercise 16 Let X be a random variable with mean p and variance o*. The ratio E [ (X — ,u)ﬂ / ot

15 often used as a measure of kurtosis. Compute the kurtosis for the following probability density
functions:

(a) f(z) =1, =1 <z <1, zero elsewhere
(b) f(z) =31 —2% /4, -1 <z <1, zero elsewhere

Proof. (a) = f_ll ride =0, 0= f_ll(x — p)?idz = 1/V/3,
E[(X —pYot = [1(z—p)iskdr =9/5
(b)u:fj1x3(1;z2)dx—0 a—fjl(x )2317962 dr =1/v/5,
E[(X-wot= [ (e —p2Bgy —15/7 m

Exercise 17 Let ) (t) = In M (t), where M (t) is the moment generating function of a distribution.
Prove that 1" (0) = p and ¢" (0) = o2

Proof. M (0) = E[exp(t- X)] = Elexp(0)] = E[1] =1

' (0) = M (0) /M (0) = E[X] /1 = p ,

" (0) = M"(0) /M (0) = (M'(0) /M (0))* = E[X?] - E[X]" =0



