
Economics 202A, Homework #3 Anton Cheremukhin

November 27, 2005

Exercise 1

maxV = E1
©P∞

t=1 β
t−1 log(c(st))

ª
, 0 < β < 1

s.t. kt+1 = yt − ct, t = 1∞, K1 = K̄
s.t. Yt = stk

α
t 0 < α < 1

s.t. (S,B, λ) S = [s1, s2] ⊂ R+ B = Borel E[s] =
R
sdλ(s) = 1

Object of choice: {c(st), kt+1(st)}∞t=1, where st = {s1, s2...st} - history of shocks.
.
(a) Conjecture solution of the form: ct = ϕyt. Then ct

yt
= ϕ, kt+1

yt
= 1− ϕ.

V = E1
©P∞

t=1 β
t−1 log(c(st))

ª
= E1

©P∞
t=1 β

t−1 log(stk
α
t − kt+1(st))

ª
FOC: 0 = Et[− 1

ct
+ βst+1αk

α−1
t+1

1
ct+1
] = Et[−kt+1

ct
+ βαyt+1

ct+1
] = −kt+1

ct
+ αβ + αβEt[

kt+2
ct+1
]

Inserting conjectured solution and assuming perfect-foresight we get:
0 = −kt+1

yt

yt
ct
+ αβEt[

yt+1
ct+1
] = − (1−ϕ)

ϕ
+ αβ

ϕ
= ϕ+βα−1

ϕ

Hence, ϕ = 1− αβ.
.
(b) Transversality condition holds: limt→∞E{βt−1 kt+1

ct
} = limt→∞ βt−1( 1

ϕ
− 1) = 0.

.
(c) kt+1 = (1− ϕ)yt = αβstk

α
t = g(kt, st, α, β)

.
(d) log st ∼ N(0, σ2)
log kt+1 = c0 + log st + α log kt
P (log kt, [A1, A2]) = Pr[A1 < log kt+1 < A2] = Pr[A1 < c0 + log st + α log kt < A2] =

Pr[A1 − c0 − α log kt < log st < A2 − c0 − α log kt] =
R A2−c0−α log kt
A1−c0−α log kt

1√
2πσ2

exp[− (x−0)2
2σ2

]dx
.

Exercise 2

(i)
R
P (x,A)dµ(x) - is a probability of getting to A tomorrow if we are in µ(x) today

.
(ii)

R
Pn(x,A)µ0(dx) - is a probability of getting to A in n periods if we were in µ0(x) today

.
(iii)

R
f(x0)P (x, dx0) - is the expectation of f(x) tomorrow conditional on being in x today

.
(iv)

R
f(x0)P n(x, dx0) - is the expectation of f(x) in n periods conditional on being in x today

.
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Exercise 3

xt+1 = g(xt, st) = 1− a
xt
+ st S = [−e, e] * R+ if 0 < e < 1

(a)
a=0.1   e=0.5
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a=0.1   e=0.37
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a=0.1   e=0.25
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.
(b) Equation x = 1− a

x
+ s has 2 solutions if D = −4a+ 2s+ s2 + 1 > 0

For two solutions for any s ∈ [−e, e] we need that both 4a < 2e+ e2 + 1 and 4a < −2e+ e2 + 1

The resulting condition is: a < min[
¡
e+1
2

¢2
,
¡
e−1
2

¢2
]. =

¡
e−1
2

¢2
.
(c) The point, that we are interested in is marked in the third graph. If we are to the left we

could move to the left depending on the realization of the shock. However, if we are to the right of
C we remain to the right forever. The value of C is equal to maximum of the two smaller roots:

x2 = (1 + s)x− a, Solution is: 1
2
(s+ 1)± 1

2

p
(s+ 1)2 − 4a

HenceC = max{1
2
(1+e)−1

2

p
(1 + e)2 − 4a, 1

2
(1−e)−1

2

p
(1− e)2 − 4a} = 1

2

h
1− e−

p
(1− e)2 − 4a

i
.
(d) Q(x, [α, β]) = Pr[α ≤ xt+1 ≤ β|xt = x] = Pr[α ≤ 1 − a

x
+ st ≤ β] = Pr[α + a

x
− 1 ≤ st ≤

β + a
x
− 1] = Pr[γ ≤ st ≤ δ]

Though it does not follow from the problem, I guess that the author wanted to say that the
distribution of st is uniform over [−e, e].
Because from α < β if follows that γ < δ. Besides β − α = δ − γ for any x.
Hence Q(x, [α, β]) = [1− [γ−(−e)

2e
]+ − [e−δ2e ]+]+ = [1− [

(α+ a
x
−1)−(−e)
2e

]+ − [e−(β+
a
x
−1)

2e
]+]+

.
(e) To prove the existence and uniqueness of a fixed point (limiting probability measure) we

need to check condition M. If it holds the defined Markov Process converges to a unique limiting
distribution by contraction mapping theorem.
Covering intervals [α, β] we cover the whole Borel sigma-algebra because it is the smallest con-

taining all intervals. The limiting distribution is also defined on an interval between the two maxi-
mum roots. I.e. if we check it for some [α, β] we automatically check it for any A ∈ B.

It’s easy to see that the limiting distribution is strictly positive on [1
2

³
1− e+

p
(1− e)2 − 4a

´
,

1
2

³
1 + e+

p
(1 + e)2 − 4a

´
] and zero everywhere else. It follows from the fact that once we are

between the roots we cannot get away and on the other hand it is possible to get from any small
interval inside it to any other with nonnegative probability.
Hence there exists some finite N big enough, such that for any ε (and hence there exists one)

it then follows that for any interval [α, β] it is true that Pr[γ ≤ st ≤ δ] ≥ ε for any x, or Pr[st <
γ ∪ δ < st] ≥ ε for any x. Hence condition M holds. Q.E.D.
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