
Economics 202A, Homework #2 Anton Cheremukhin

October 21, 2005

maxU = E1
©P∞

t=1 β
t−1u(Ct, Lt)

ª
, 0 < β < 1

where u(C,L) =
(Cϕ(1−L)1−ϕ)

1−ρ−1
1−ρ , ρ > 0, 0 < ϕ < 1

s.t. Kt+1 = Kt(1− δ) + Yt − Ct, t = 1∞, K1 = K̄
At = Aλ

t−1 exp(et), t = 1∞, 0 < λ < 1, A0 = Ā

Yt = AtK
α
t [(1 + g)tLt]

1−α
, 0 < α < 1

(a) lim
ρ−>1

u(x, ρ) = lim
ρ−>1

(x)1−ρ−1
1−ρ = lim

ρ−>1
(x)1−ρ(− lnx)

−1 = lnx

(b) J = E1

½P∞
t=1 β

t−1
³
(Kt(1− δ)−Kt+1 +AtK

α
t [(1 + g)tLt]

1−α
)ϕ(1− Lt)

1−ϕ
´1−ρ¾

/(1− ρ)

FOC: ∂J
∂Kt+1

= 1
(1−ρ)E1{β

t((1− δ) + αAt+1K
α−1
t+1 [(1 + g)t+1Lt+1]

1−α
)ϕ(1− ρ)×

((1− δ)Kt+1 −Kt+2 +At+1K
α
t+1 [(1 + g)t+1Lt+1]

1−α
)ϕ(1−ρ)−1(1− Lt+1)

(1−ϕ)(1−ρ)−

βt−1ϕ(1− ρ)((1− δ)Kt −Kt+1 +AtK
α
t [(1 + g)tLt]

1−α
)ϕ(1−ρ)−1(1− Lt)

(1−ϕ)(1−ρ)} =
ϕβt−1 ×E1[((1− δ) + α Yt+1

Kt+1
)β ut+1

Ct+1
− ut

Ct
] = 0 Euler equation

∂J
∂Lt

= 1
(1−ρ)

∂
∂Lt

³
(Kt(1− δ)−Kt+1 +AtK

α
t [(1 + g)tLt]

1−α
)ϕ(1− Lt)

1−ϕ
´1−ρ

=

[(1− α) Yt
Lt
ϕ ut
Ct
− (1− ϕ) ut

1−Lt ] = 0 Leasure-consumption trade-off

(c) kt =
Kt

(1+g)t
, yt =

Yt
(1+g)t

, ct =
Ct

(1+g)t

(1 + g)kt+1 = kt(1− δ) + yt − ct yt = Atk
α
t L

1−α
t At = Aλ

t−1 exp(et)

E1[((1− δ) + α yt+1
kt+1

) β
1+g

ut+1
ct+1
− ut

ct
] = 0,

(1− α) yt
Lt
ϕut

ct
− (1− ϕ) ut

1−Lt = 0

ut = (C
ϕ
t (1− Lt)

1−ϕ)
1−ρ

= (cϕt (1− Lt)
1−ϕ)

1−ρ × (1 + g)tϕ(1−ρ)

(d) Using the last 3 equations get rid of ut and Lt :
(1− ϕ) ct

1−Lt/((1− α) yt
Lt
ϕ) = 1−ϕ

ϕ(1−α)
Lt
1−Lt

ct
yt
= 1, hence 1− Lt =

1
yt
ct

ϕ(1−α)
(1−ϕ) +1

ut
ct
= c

ϕ(1−ρ)−1
t [yt

ct

ϕ(1−α)
(1−ϕ) + 1]

(ϕ−1)(1−ρ) × (1 + g)tϕ(1−ρ)

0 = E1{β
(1−δ)+α yt+1

kt+1

(1+g)1−ϕ(1−ρ)
c
ϕ(1−ρ)−1
t+1 [yt+1

ct+1

ϕ(1−α)
(1−ϕ) + 1]

(ϕ−1)(1−ρ) − c
ϕ(1−ρ)−1
t [yt

ct

ϕ(1−α)
(1−ϕ) + 1]

(ϕ−1)(1−ρ)}
Now assume that no stochastic disturbances occur and we are at steady-state.
A = Aλ = 1 c = y − (δ + g)k
β[(1− δ) + α y

k
] = (1 + g)1−ϕ(1−ρ), y

k
= 1

α
[ 1
β
(1 + g)1−ϕ(1−ρ) − (1− δ)] = θ

c/y = 1− (δ + g)k/y = 1− δ+g
θ
= κ

(y
c
ϕ(1−α)
(1−ϕ) + 1)(1− L) = 1 L = 1− ( 1κ

ϕ(1−α)
(1−ϕ) + 1)

−1

y/k = (L/k)1−α k = L/θ
1

1−α , y = θk, c = κy
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(e)
kt(1−δ)+yt−ct = (1+g)kt+1 yt = Atk

α
t L

1−α
t At = Aλ

t−1 exp(et)
1−ϕ

ϕ(1−α)
Lt
1−Lt

ct
yt
= 1

E1{β
(1−δ)+α yt+1

kt+1

(1+g)1−ϕ(1−ρ)
c
ϕ(1−ρ)−1
t+1 [1− Lt+1]

(1−ϕ)(1−ρ) − c
ϕ(1−ρ)−1
t [1− Lt]

(1−ϕ)(1−ρ)} = 0

Linearize with respect to {kt, yt, ct, Lt, At} using the following rule:
0 = df(x, y) = x0

∂f
∂x
|x0,y0 x−x0x0

+ y0
∂f
∂y0
|x0,y0 y−y0y0

= x0
∂f
∂x
|x0,y0 ln x

x0
+ y0

∂f
∂y0
|x0,y0 ln y

y0

k(1− δ) ln kt
k
+ y ln yt

y
− c ln ct

c
= (1 + g)k ln kt+1

k

ln yt
y
= ln At

A
+ α ln kt

k
+ (1− α) ln Lt

L

ln At

A
= λ ln At−1

A
+ et ln yt

y
= ln ct

c
+ 1

1−L ln
Lt
L

Et{ 1
1−δ
α

k
y
+1
[ln yt+1

y
− ln kt+1

k
] + [ϕ(1− ρ)− 1] ln ct+1

c
− (1− ϕ)(1− ρ) L

1−L ln
Lt+1
L
} =

[ϕ(1− ρ)− 1] ln ct
c
− L

1−L(1− ϕ)(1− ρ) ln Lt
L
+ vt+1

Define more parameters φ = 1
1−δ
α

k
y
+1
, ω = ϕ(1− ρ)− 1, π = (1− ϕ)(1− ρ) L

1−L

Redefine variables
φ[Etŷt+1 − k̂t+1] + ω[Etĉt+1 − ĉt]− π[EtL̂t+1 − L̂t]} = 0

−yŷt + (1 + g)kk̂t+1 + cĉt = k(1− δ)k̂t

ŷt − (1− α)L̂t − ât = αk̂t
ŷt − ĉt − 1

1−LL̂t = 0
ât = λât−1 + et

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −φ −ω π 0 φ ω −π
−y (1 + g)k c 0 0 0 0 0
1 0 0 −(1− α) −1 0 0 0
1 0 −1 −1

1−L 0 0 0 0

0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yt
kt+1
ct
Lt

at
Etyt+1
Etct+1
EtLt+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 k(1− δ) 0 0 0 0 0 0
0 α 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 λ 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yt−1
kt
ct−1
Lt−1
at−1
Et−1yt
Et−1ct
Et−1Lt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
1
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
et +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎣ vt
wt

ut

⎤⎦
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(f)
put in values:β = 0.97, g = 0.018, ρ = 2, α = 1/3, γ = 1/2, ϕ = 1/2, λ = 0.95, δ = 0.1, σ = 0.006

θ = .4767 k = 1.4275, y = 0.6804, c = 0.512, L = 0.4698

φ = .1501, ω = −1.5, π = −.443

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −.15 1.5 −0.443 0 .15 −1.5 .443
−0.68 1.4532 .512 0 0 0 0 0
1 0 0 −2/3 −1 0 0 0
1 0 −1 −1.886 0 0 0 0
0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yt
kt+1
ct
Lt

at
Etyt+1
Etct+1
EtLt+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0
0 1.2847 0 0 0 0 0 0
0 1/3 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 .95 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yt−1
kt
ct−1
Lt−1
at−1
Et−1yt
Et−1ct
Et−1Lt

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
0
0
1
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
et +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎣ vt
wt

ut

⎤⎦

Gensys gives the following solution:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

yt
kt+1
ct
Lt

at
Etyt+1
Etct+1
EtLt+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.2248 1.1969
0.802 0.3848
0.5318 0.4985
−0.1628 0.3703
0 0.95

0.1803 1.2235
0.6431 0.6741
0.4265 0.6782

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∙

kt
at−1

¸
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1.2598
0.4050
0.5247
0.3898
1

0.2879
0.7096
0.7139

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
et
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