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Exercise 1 Specific utility function (Chamley, 1986)

Consider the nonstochastic model with capital and labor in this chapter and assume that the

period utility function is given by: u (¢, ly) = 1_: + v (ly), where o > 0.

(a) Show that the optimal tax policy in this economy is to set capital taxes equal to zero in period
2 and from there on.

(b) Suppose there is uncertainty in the economy. Derive the optimal ex ante capital tax rate for

t> 1.
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a. We use the notations developed in the paragraph “constructing the Ramsey
plan”. We have

Vie,n, @) = ule, 1 — n) + ®(u.c— un)
=cl” (ﬁ + @) +v(1 —n)— dun
This shows in particular that:
Vet +1)  uc(t+1)

V::(t) B uc(t)
Now recall that the first of the difference equations defining the Ramsey plan is:

Ve(t) = pVe(t + D[F(E+1)+1—-46] t>1

Also, the Ramsey plan is a competitive equilibrium, so that the Euler equation
of the household problem is satisfied:

ue(t) = Buc(t + 1) [(1 = 7f1)repn + 1= 8] = Buc(t + D[(1 = 7) Fe(t +1) +1 -4

Combined with the previous equation and with the identity ‘%%l = %%l, it
implies that, for ¢ > 1:

[Fe(t+ 1) +1-6]=[(1—-7f)Fe(t+1)+1 4]
So that 777 =0 for all ¢ > 2.

b. The reasoning is very similar. Under uncertainty, the first of the difference
equations defining a Ramsey plan is:

Vo(s') = .Bzﬂ'(sﬂl | 8")WVelsep108") [Fr(s1.8) +1—-6] t>1
St+1
As before, the Ramsey plan is a competitive equilibrium, so that the Euler equa-
tion of the household problem is verified:

Ue(s') = B e T(sesr | s ue(ses1, ) [(1 = 7 (ser1, 8%)) rseq1,87) + 1 = ]
=B e T(sp41 | 8 uc(s41,5") [(1 — 78 (8441, 8Y)) Fio(s41,8%) + 1 =]



We use again the fact that:

Velsper, s')  ue(s41. 5")

Ve(st) uc(st)

And we find:

t
Ue(Sey1, S ,
OILCHY St)%ﬁ(stll; ') Fi(st41,5) =0 t>1
St+1 ‘
With p(sei1 | 8°) = Br(sp | -St)w and 7(sy41,5') = Fi(s¢41,5%), this can

U (st)
be rewritten:

5ZP($H1 s')*(sp41,8") =0 t>1

St41
i.e., the ex-ante capital tax is zero for { > 2.

Exercise 2 Another specific utility function

Consider the following optimal tazation problem. There is no uncertainty. There is one good that
s produced by labor 1 — x; of the representative household, and that can be divided among private
consumption and government consuption. ¢ + g = 1 — xy. The good is produced by zero-profit
competitive firms with a linear technology. A representative consumer mazimizes LB (cp, xy)
subject to the sequence of budget constraints c¢; + qibyyr < (1 — 1) (1 — ) + by. Assume u (¢, x4) =
o—3(1— )%

(a) Argue that in the competitive equilibrium g = 8 and x; = 7.

(b) Assume zero initial bond holdings and derive the lifetime intertemporal constraint.

Yept (e — (1 —a) (1 —m)) =0.

Given an exogenous sequence of government purchases government maximizes welfare subject to
its resource constraint L0 (g, — (1 — 2¢) 1) = 0 and the household’s first-order condition x, = 7.

c) Consider the process for g = 1 - . Solve for the Ramsey plan when 3 = 0.95.
Consider th f (_)tfzﬁl Solve for the R lan when, B = 0.95
L=
Show that the optimal tax rate is constant.
1 =
onsider the process for g, = . Solve for the Ramsey plan when [ = 0.95.
d) Consider th f (2] tiQk;Q—lf—l Solve for the R l hen 3 = 0.95

Show that the optimal tax rate is constant. Is it larger or lower than in the other case?
(e) Interpret your results in terms of "tax smoothing”?
(f) Under what conditions is the tax rate T =0 ?



Solution:

(a) In a competitive equilibrium the consumer solves:

Yoo 5t (ct - % (1-— xt)z) — MAXc, 2,,by s 1 s.t. o+ qbin < (1—1) (1 —2y) + by

The first-order conditions for optimality are:

At = U, =1 (1 - 5Ut) = Uy, = N (1 - Tt) AGr = B

This implies, that in a competitive equilibrium ¢, = § and x; = 7.

(b) Take the sequence of budget constraints and multiply each by * and sum.

N8 fer = (L =7) (1 = o) + gibryr — b = 0

Y5° B [@ibesr — be] = Bby — by + B [Bby — bi] + 82 [Bbz — by] + ... = —by = 0

Assuming the initial bond holdings are equal to zero, this implies:

238 e = (1 —m) (1 — )] =0

If we substitute the equilibrium condition z; = 7, we get: Yoot [ct -(1- :z:t)2] =0

The resource constraint is (g, is given exogenously): ct+g=1—uz

(c-d) The Ramsey plan maximizes welfare subject to the implementability constraint and the
resource constraint: $g°B¢ (¢, — 3 (1 — z,)?) — maxc, 4, p,,.

s.t. B [ — (1 - xt)2] =0 s.t. ct+g=1—x

=P8 ((1+ @) e, — (5 + @) (1—xt)2+ut(1—xt—ct—gt))

FOC: 14+ ® =y (1429) (1 — ) = = Ty =

The input of labor is constant, hence so is the optimal tax rate.

Consumption will reflect all the risk, because the worker is risk-neutral: ¢, =1 — 2 — ¢;.

The implementability condition implies:

1429

Sefle, = BB (1 —1,)” = ﬁ (1—2)° Yefle, =NFN (1 —ax—gi) = ; Y Btg,
(1—2)’—1—2)+(1-p3)TrBlge4 =0 Solution is: l—z=1+1/1-4(1-3)SFlg
— 11 /T-4(1- P gha

The two solutions reflect the fact that the Laffer curve has a maximum lifetime revenue it can
guarantee, and each revenue below that can be achieved using two different tax rates.

In one case (when you raise 3 in period 1): S0 Blg = I BHL = %1—662 =19
In this case 1 —4 (1 — 8) X°flg, = i > 0 so the revenue stream can be raised using two values

of the tax rate. 7 =3+ 1,/55 [042 058]

In the other case (when you raise 3 in period 0) $2 g, = X2 8% 1 = %1_1ﬁ2 =2

In this case 1—4 (1 — ) X5°Sg, = —@ < 0 so the revenue stream cannot be raised whatever the
tax rate. The higher is the present value of consumption you want to raise, the higher the tax rate
has to be (the one which is smaller). (e) The tax is constant over time, so there is tax-smoothing. All
the risk will be reflected in consumption and bonds. ¢; = 1—z— g, biy1 = % (gp—7(1—7)+b)

(f) For the optimal tax rate to be set to zero, the lifetime revenue to be raised should be zero.

The path of g, should be self-financing: 35°5%g, = 0.




Exercise 3 Yet Another specific utility function

Go=0 g1 = g 17_T7T bo=0 ca+gi=mn
U=u(co)+v(l—ng)+BEu(cr)+v(l—ng)

(a) The consumer’s problem is to maximize U given the constraints:
Co+qlb1+quG:(1—Tg)n0 61:(1—71)n1+b1 CG:(l—Tg>TLG—|—bG

= Co+ q1 (Cl — (1 — Tl)nl) + qc (CG — (1 — Tg)nc) = (1 — 7'0) no

Hence, u(co)+v (1 —no)+Bm[u(cr) +v (1 —ny)]+8 (1 —7)[u(cg) +v (1 —ng)| — maxy,,
s.t. co+q(cr—Q—=m)n) +qe(ce— (1 —1¢)ng) = (1 — 1) no

FOC: u (cg) = A pru’ (¢1) = g A B(1—m)u (cg) = qaA

FOC: A1 —m1) =0 (1—ng) FOC: Aqr (1 — 1) = B (1 —ny)

FOC: AN (l—1¢)=81—m)v (1 —ng) In other words: w(e)(1—m)=v(1—mny)|
(b) The implementability condition is then:

(co) (co — (1 —70) mg) + B (1) (1 — (L —711)mg) + B (1 — 7)) (cg) (ca — (1 — 7¢) ng) =0
(co) co+Pmu (c1) er+5 (1 — m) v (cg) cg = v (1 — ng) no+Bmv' (1 —ng)ny+5 (1 — ) v’ (1 — ny) ng
(c) The Ramsey plan maximizes welfare subject to the implementability constraint and the three

resource constraints:

u/
ul

[u(co) + Du' (o) co] + B [u(cr) + Pu' (¢1) 1] +
+6 (1 —m)[u(cg) + Pu' (cg) cg] + [v (1 —ng) — PV (1 — ng) o) +

+omv(l—ny) =PV (1 —ny)m]+ (1 —7m)[v(1—ng)— PV (1 —ny)ng|+

+o (no — co — go) + Bripr (1 — 1 — g1) + B (1 = 7) Ya (nag — ca — ga)

FOC: [u (co) + Pu' (co) co]/CO =1 =—[v(1—np) — PV (1 —ngp) no];o

FOC: [u(c) + Qu' (c1) e, =1 = —[v (1 = ny) — V' (1 —ny) ),

FOC: [u(cq) + Pu' (cq) CG]ICG =g =—[v(l—ng)— P (1 —ny) ng];G

Notice, that:

[u(c) + ®u' (c)c]. = (14 @)/ (c) + Pu” (c)

[v(1—n)—®(1-n)n], =—(1+®)v' (1 —n)+du"(c)c

Hence, 1+ @) (¢) +Pu" (c)e=yp=(14+P)V(1—n)—P" (1 —n)n

The Ramsey problem solves four equations for {ng,ni,ng, ®}:

(1+ @) [ (n; —g;) — V' (1 —n)]+P [ (n; — ;) (i — gs) +0" (1 —ni)n;] =0 i={0,1,G}

' (no = go) (no — go) + fmu’ (n1 — g1) (n1 — g1) + B (1 — )’ (ne — ga) (g — g¢) =

=0 (1 —=ng)ng+ Brv' (1 —n1)ny + (1 —m)v" (1 —ng) ng

(d) Use the first-order conditions for optimality:

(14 @) (n; — g)) 73 + @ [u” (n; — g5) (ni — ) + 0" (1 = ng) mi] = 0

Since v’ () > 0 v () >0 u' () <0 v"” () < 0, it has to be the case that when the
implementability constraint is binding (® > 0), then all 7; are non-negative. That means, all the
government revenues are positive. We can use that to find the signs of the bond holdings:

q1b1 + qabe + Tong =ng —cop =go =0

Ty —bi=n—c1=¢g1=0

Tang —bg =ng—c1=goc =G

From equation 2 it follows that b; > 0. From equation 1 it then follows that bs < 0. It does not
contradict equation 3. The total bond holdings in period 0 have to be negative.

(e) Hence, the planner will borrow from the consumer in good states 1 and 0 to finance expen-
diture in the bad state G.

L=



Exercise 4 Ramsey tazation in the AK model

(a) Consumer: max Egoﬁt‘i—;
s.t. Yoq (et + ko1 — (1 —0) ki) < EPq (1 — 1) reke
The version with bonds implies a budget constraint:
et ke — (1= 0) by + 222 < (1= 1) riky + by
Firm: max Ak, — rtkt
Government constraint: Tk + =g; + b,
Resource constraint: ¢t + ki1 — (1 —0) ki + g < Aky
Solution of the consumer’s problem:
FOC: Bley? = q
FOC: ¢ = Q1 (1 — Teq1) regabeps +1—9)
FOC: R‘fil = qt+1
Firm’s solution implies: ry = A.
The Euler equations: ¢ =P (1—7p)A+1-0)
(1-741)A+1-6= Ry
(b) Implementability constraint follows from the lifetime budget constraint:
Y8t % (ep+kir —(1—0) ki — (1 — 1) Aky) =0
(bp = 0 from the setup of the model).
Using the Euler equation for capital we can rewrite the equation as:
Yepte; ™ = ((1— 1) A+1—6) kocy®
(c¢) The Ramsey problem is to maximize lifetime utility subject to the implementability condition
and the resource constraint.

max 2! I— s.t. Yepte; ™ = ((1— 1) A+1—6) kocy”
s.t. Ct+l{13t+1—(1—5>k’t+gt§14]{?t

= yp [ + oo +ut[(A+1—5)kt—ct—kt+1—gt]] — 2 (1= 7)) A+1—0)koc;®
FOC: ¢ (1 + q>) = FOCp: g (1+®@)=po—o07% (1—7m) A+1—16)kocy” "
FOC: fe = Bpie1 (A+1—10)
(d) The solution has to satisfy: ¢ " =P 1 (A+1-9).
At the same time the competitive equilibrium has to satisfy:
¢ = Bedy (1= i) A+ 1)
The two equations coincide only if 7,1 = 0 for any period ¢ > 0.
That would also be true in a steady-state.
The only way to finance the government expenditure in this economy is to tax initial capital.
(e) If no bonds can be issued, then the government constraint is: mrik; = g;.
Given that the interest rate r; = A, the tax rate is a function of ¢, : e = g1/ Aky.
In this case there is nothing to choose. The whole path is completely predetermined:

& = BT, ((1— g1 >A+1 —5) ki = (A+1— )k — g, — i
Hence, (A+1-— 5) ki — gi — kiy1 = ¢4

Therefore, the path of capital stocks has to satisfy:
((A+1—5)kt+1—gt+1—kt+2> =3 (( _ gt+1 )A +1-— 5)

(A+1*5)kt7gt7kt+1
The path of {g;} completely determmes the path of {k;} given k.




