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Exercise 1 Thomas and Worral meet Markov
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Exercise 2 Private Information

u1 (c) =

�
c

ln c+ 1
c > 1

0 < c � 1 u2 (c) =

�
c

2c� 1
c > 1

0 � c � 1
First best:
u1 (�1) + u1 (2� �1) + �u2 (1� �2) + �u2 (1 + �2)! max
1
�1
= u01 (�1) = u

0
1 (2� �1) = 1 �1 = 1 u02 (1� �2) = u02 (1 + �2) �2 = 0

WFB =
1
2
[1 + 1 + � + �] = 1 + �

(a) Constrained optimization
max�1;�2

1
2
[u1 (�1) + u1 (2� �1) + �u2 (1� �2) + �u2 (1 + �2)]

s.t. 0 < �1 < 2; �1 � �2 � 1
s.t. c1 + c2 = �1 + 2� �1 � 2 (RC1) is satis�ed automatically
s.t. c3 + c4 = 1� �2 + 1 + �2 � 2 (RC2) is satis�ed automatically
s.t. u1 (2� �1) + �u2 (1 + �2) � u1 (2 + �1) + �u2 (1� �2) (IC1)
s.t. u1 (�1) + �u2 (1� �2) � u1 (��1) + �u2 (1 + �2) (IC2) (holds because of the log)
Solution:
L = u1 (�1) + u1 (2� �1) + �u2 (1� �2) + �u2 (1 + �2)+
+� [u1 (2� �1) + �u2 (1 + �2)� u1 (2 + �1)� �u2 (1� �2)]
FOC: @L

@�1
= u01 (�1)� u01 (2� �1)� �u01 (2� �1)� �u01 (2 + �1) = 0

FOC: @L
@�2
= ��u02 (1� �2) + �u02 (1 + �2) + � [�u02 (1 + �2) + �u02 (1� �2)] = 0

Therefore, u01 (�1) = (1 + �)u
0
1 (2� �1) + �u01 (2 + �1)

(1� �)u02 (1� �2) = (1 + �)u02 (1 + �2)
Case 1: constraint is binding � > 0; �2 > 0
Then, u02 (1 + �2) = 1 u02 (1� �2) = 2 (1� �) 2 = (1 + �) 1, Solution is: � = 1

3

u01 (�1) =
�
1 + 1

3

�
u01 (2� �1) + 1

3
u01 (2 + �1)

Case 1.1 �1 < 1
Then u01 (�1) =

1
�1

u01 (2� �1) = u01 (2 + �1) = 1
1
�1
=
�
1 + 1

3

�
+ 1

3
, Solution is: �1 =

3
5

2� �1 + � (1 + �2)� (2 + �1)� � (2 (1� �2)� 1) = 0, Solution is: �2 = 2
3�
�1 =

2
5�

W SB
�> 2

5

= 1
2
ln (�1) + 1 + 2� �1 + � (2 (1� �2)� 1) + � (1 + �2)j�1= 3

5
;�2=

2
5�
= � + 1� 1

2
ln 5

3

3



When 2
5�
� 1 i.e. � � 2

5
the constraint �2 � 1 is violated.

Then �2 = 1 �1 =
3
2
� since the IC1 should hold as equality:

(2� �1) + � (1 + 1)� (2 + �1)� � (2 (1� 1)� 1) = 3� � 2�1 = 0
W SB
�� 2

5

= 1
2
ln (�1) + 1 + 2� �1 + � (2 (1� 1)� 1) + � (1 + 1)j�1= 3

2
� =

1
2
ln 3

2
� � 1

4
� + 3

2

Case 1.2 �1 � 1
Then u01 (�1) = 1 u01 (2� �1) = 1

2��1 u01 (2 + �1) = 1

1 =
�
1 + 1

3

�
1

2��1 +
1
3
, Solution is: �1 = 0 Contradiction.

Case 2 � = 0
u01 (�1) = u

0
1 (2� �1) u02 (1� �2) = u02 (1 + �2) �2 = 0 �1 = 1

(2� 1) + � (1)� (2 + 0)� � (2 (1� 0)� 1) = �1 < 0 Contradiction.
||||||||||||||||||||||||||||||||||||||
(b) If there is a �nancial market, let the agents be able to borrow at the rate R = 1

�
:

Present-value budget constraints:
If type 1 tells the truth: c1 = �1 + b1 c3 = 1� �2 � b1 1� ) c1 + �c3 = �1 + � � ��2
If type 1 lies: c1 = ��1 + b01 c3 = 1 + �2 � b01 1� ) c1 + �c3 = ��1 + � + ��2
For type 1 to tell the truth it is necessary, that �1 � ��2
If type 2 tells the truth: c2 = 2� �1+ b2 c4 = 1+ �2� b2 1� ) c2+ �c4 = 2� �1+ � + ��2
If type 2 lies: c2 = 2 + �1 + b

0
2 c4 = 1� �2 � b02 1� ) c2 + �c4 = 2 + �1 + � � ��2

For type 2 to tell the truth it is necessary, that �1 � ��2
Therefore, for the mechanism to be truth-tellin, it must be the case that: �1 = ��2 :
That implies, that c1 + �c3 = � c2 + �c4 = 2 + � and the decisions do not depend on the

transfer system.
Even in the absense of transfers: u1 (� � �c) + �u2 (c)! maxc
u01 (� � �c) = u02 (c) c < 1 1

���c = 2 ) c = 1� 1
2�

� � �c = 1
2

W1 = 1� log (2) + �
�
2
�
1� 1

2�

�
� 1
�
= � � ln 2

u1 (2 + � � �c) + �u2 (c)! maxc u01 (2 + � � �c) = u02 (c) c > 1 1 = 1

W2 = (2 + � � �c) + � (c) = � + 2 W FM = W1+W2

2
= 2�+2�ln 2

2
= � + 1� 1

2
ln 2

So the transfer system cannot improve upon the situation when �nancial markets are present.
Moreover, it is worse then the �rst best, and for high enough values of � it is worse then second

best.
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Exercise 3 Thomas-Worrall meet Phelan-Townsend
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The problem is linear in constraints and the intra-period objective function. So one should use
linear programming inside the period and iterate over di�erent values of v to compute P (v): The
best way to do it is to use the same grid for v's as for !'s.
P (v) = max�v(b;!jy)�b;!;y [�� + �P (!)] �v (b; !jy)� (y)
s.t. v = �b;!;y [u (c+ b) + �!] �

v (b; !jy)� (y)
s.t. �b;! [u (c+ b) + �!] �

v (b; !jy) � �b;! [u (c+ b) + �!] �v (b; !j~y) 8y8~y
s.t. �b;!�

v (b; !jy) = 1 8y
Notice, that:
a) the conditional probabilities should sum up to one for each income realization, not uncondi-

tionally
b) not only (though almost only) the downward constraints are binding in the numerical appli-

cation
c) the grid for b given in the book implies negative consumption values, and given 
 = 3;

1 � 
 = �2 is computable for any values of consumption, however, the result should not change
if you set 
 = 2:99: This means you should always check that consumption is nonnegative when
computing the utility function, then you don't need transfers up to bmin = fa� ymax + 1:33g :
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d) the interesting part of the values for promised utilities corresponds to high levels, so making
the grid for ! equally spaced is not that good of an idea
e) having a 25x25x10 grid takes a LOT of time, so having it reduced to 10 or 15 can help a lot.
The algorithm is as follows:
1) set some initial guess for P0 (!) say some linear decreasing funciton.
2) for a given P0 (!) solve the maximization problem for each v 2 [!1; :::; !N! ] and obtain a

vector of solutions �v (b; !jy) :
3) multiply the solution by the objective function to �nd [P (!1) ; :::; P (!N!)] values for the

P1 (!) to be used at the next step.
4) Iterate over 1-3 until convergence, i.e. until kPn (!)� Pn�1 (!)k � "
5) Plot the function Pn (!)
6) Use the last step solution �v (b; !jy) to compute the transition matrix for ! :
Pr (!tj!t�1) = �b;y�!t�1 (b; !tjy)� (y)
7) Compute the distribution of consumption in period t given the initial promised value !0
Pr (ct) = � (bt; ytjbt + yt � ct; !t) Pr (!tj!0) = � (bt; ytjbt + yt � ct; !t) [Pr (!tj!t�1)]t �!0
CDF's are moving to the left so that more and more agents are getting lower and lower con-

sumption. Because of the �nite grid there is a stationary distribution very skewed to the left. To
make the result more clear I start from !0 = �0:1:
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