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January 31, 2008

Exercise 1 Occupational Choice in General Equilibrium

The economy consists of two types of people: measure ug skilled and py > s unskilled with skill
levels S>U>(0. Skilled people can either be managers or skilled workers. Unskilled people can only
be unskilled workers. FEvery production unit needs one manager. If a manager manages S skilled
and U unskilled workers, the output of that person’s production unit is S*U® where o+ 3 < 1. The
utility function of an indiwvidual is: log(c) + v (h) where h € {0,0.4,0.7} corresponds to staying at
home, working (for both skilled and unskilled) or managing.

a,b) Choose a suitable commodity space for this economy. Define consumption sets, preferences,
the aggregate production set and the resource constraint.

c) State the First Welfare Theorem and show that its conditions are satisfied for this problem.

d) Formulate the social planning problem for this economy.

e) What can you say about the relative consumption and relative wages of managers, skilled
workers and unskilled workers?

f) Impose conditions on the model parameters that ensure that there are unemployed skilled and
unskilled people in equilibrium.

(a) Commodity space S = R* = {consumption, Twerkts Tworks, Tmanage }

Consumption sets:

Xy ={ay €S|z >0,-1<zop <0,237 =0, 24y =0}

Xg={zs € S[r15 > 0,795 = 0,235 < 0,245 <0, —35 — 745 < 1}

Preferences:

Us (x) =log (x1) + 22 (v (0.4) — v (0)) — v (0)

Uy (x) = log (z15) + 235 (v (0.4) — v (0)) + 245 (v (0.7) — v (0)) — v (0)

(b) Fraction —ys are unskilled workers, fraction —ys are skilled workers, fraction —y, are man-
agers. Since the technology for each manager exhibits decreasing returns, the workers will be split
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equally among managers. Hence, each of the —y,; managers produces (i”—j) <z—i> output.

Production set Y = {y €S|ys <0,y5 < 0,54 < 0,01 < (—12)” (—y3)” (—y4)1_a_ﬂ}

Resource constraint usrs + pyry =y

(c) Conditions for the first welfare theorem are: X convex, U - q.concave, no satiation.

By definition of X it is convex. Functions log (x) , az and bx are strictly increasing - no satiation
of U(.). A sum of a strictly concave function log (.) and a linear function is quasi-concave which
accomplishes the proof. Therefore any competitive equilibrium in such an economy is pareto-
optimal.

(d) Pareto optimal allocations are allocations (z¥%, zf, y*) s.t.:

1) (x%, x5, y*) is feasible: 2% € X, xy € Xy, yr ey, T+ =y

2) B (2, 2y, 9) s.t.

a) (s, x,y') is feasible
b)Us () > Us (a3) and U (a) > Uy (a7)



(e) Let’s now solve for the pareto-optimal allocation under the assumption of equal weights:
1sUs (vs) + poUu (2r) — maXeg 4,y
s.t. psrs + pury =y
st. 21y 2 0, =1 <oy < 0,230 = 0,240 = 0,215 2 0,295 = 0,235 < 0,245 < 0, =235 — 45 < 1
5. 92 < 0,55 < 0,54 < 0,0 <yy < (=) (—y)* (—ya)
This can be simplified to:
1sUs (vs) + poUu (2r) — maXeg 4,y
s.t. pscs + pycy =y HUTU = YU 5 HsTSs = Ys L USTN = Y
sty S Las+mr <1 y=(yo) (ys)" (yar) ™ °
Further define: (v(04) —v(0)) =a (v(0.7)—wv(0))=b
po (log (cy) — amy) + ps (log (cs) — amg — bmy) — max
B «a 1—a—p
s.t. pscs + pper = (pumy)” (sms)™ (tsmar) =Y
FOC:  pszz =Mis  pug = Mw
psa =My psb =yl ppa = Ay 2
Therefore, cg = cy = y = 1
Consumption of all people in the economy is the same.
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y = (uumw)” (psms)™ (psmar)' ™7 = (us + pw) (2)° ( b

a B (1—a—B\1—a—B
s == (2)" (2) (=52) 7 =
The pareto-optimal allocation is:

Ty = {C, gﬂs-HLU 0 O}

Bu
rg =1¢,0, apstpuy  1—a—f ps+uy
a ps 7 b Hs

y—<,LLS+,U/U {Caaazal o

To find prices let’s solve individual problems:

log (cy) — amy — max s.t. pecy — wymy = Iy

FOC: % = >\Upc a = )\UU}U

log (cs) — amg — by — max s.t. PeCs — WsTg — WrTar = Ig

FOC: é = )\gpc a = )\Sws b= )\SwM

From the allocation we know that cg = ¢y = As = Ay = 1 (normalization).
Therefore, a = wy = wg, wy = b, De = 1

The wages of skilled and unskilled workers are the same, the wages of managers are higher.
You can arrive to the same conclusion if you use the firm’s problem:

peyiysyn " = woyr — wsys — waryy — max
FOC: pci’f_U = Wy pc% = Ws pc% wWm
1
pcgﬁ_/ca = Wy pc;_/l; = Ws Pe ((1 ; ﬂﬁ))/b = Wym
Normalize p. = %, then wy = a Wy = a wyr = b.
(f) For there to be unemployed skilled and unskilled workers we need
Bpstpy 1, apstpy 4 1 a Bupstiy 1
a  py a ps Hs



Exercise 2 Uncertainty in General Equilibrium

Ule,n) =u(c) —v(n) i=1,
u: Rt — R, uEB(x)ﬂCl( ' > 0,u" <0, u'(0) = oo
v:R" — R, veE B(x)NC (x v > 0,0" >0

Fj(ej,n) =€ f (n) j=1,M el >0, p(l) >0, SEp() =1, =1L
fiRVSRE feCi@),  f>0,7<0,  f(0)= oo, f/(c0) =

(1) According to Debreu commodities are determined by time, location and events.

So the commodity space consists of consumption and labor in each state of nature

S = {c cckont. L} = R*

Consumptlon set X ={z; €5zl >0,z <0,l= E}

Production set Y; = {y] eS| yé >0 yLH <0 yé <€ f( L+l) [ = E}

S U () = Dy (1) [ (o) — v (5]

@91J>0 22 19’5]:1

Resource constraint ¥, z; < X3,y Economy: E = {(XZ», 20N, (Y5, )J L ,}

(2) Competitive equilibrium is a tuple: ( 7, Y5, p*) € RPLIMENHD) guch that
a) xf = argmax{U zi)| pras < S, 0% y; }

N
)
)

b) y; = arg g_ia%(_p Y; c) N xr = EMly
Conditions for the welfare theorems are:
1stWTh: X, convex, U - q.concave, no satiation.
2ndWTh: X, convex, finite demetsional, U - continuous, g.concave, no satiation, Y; convex.
By definition of X it is convex. Taking into account that f (.) is strictly increasing and strictly

concave and by definition of Yj it is convex. Functions u (.) and v (.) being continuously differentiable

implies continuity, and being strictly increasing - no satiation of U (.). Moreover a sum of strictly
concave functions u (.) and —v (.) is strictly quasi-concave which accomplishes the proof.

Since X; is bounded below, closed and connected, preferences are continuous, Y; is closed and
convex, and gives no free lunch the optimum exists. Since X; is non-empty, bounded below, closed
and convex, preferences are continuous, quasi-concave and exhibit no satiation, Y; is closed and
convex, production allows inaction, is irreversible and allows free disposal the equilibrium also exists.
Therefore, we can first characterize the optimum which will coincide with equilibrium allocations.

(3) —max {E ¢St (1) [u (2f) — v (=27 )]] T < Dy, vi < ef (y)}

z;€X;,y; €Y,
Let’s substitute (for the sake of simplicity) ¢! and n! instead of z! and —
n] instead of yj*L for producers. Then the Lagrangian is:
i SE, (p () EX4 0 [ () — v ()] + ¥[S0t — S0 nt] 4 [S3,L (u) — 2, )]

1970315
This leads to the following first order conditions:

oo (&) = GpOV () =N N=pdf () = =T = ()
o (D () = =0 0! () ip (D (nl) = N =6p () (o)

The assumption of CES utility functions for both consumption and labor ensure that the con-
sumption and labor sharing rules are linear:

)

L for consumers and

1/o

1/p
-0 NP _ l -p — ®i [ — ?i l
O () =0 () o) M=o (nl) T = d= () b= (&) L
Another possible assumption is that the central planner assigns equal weights to all consumers
(¢; = ¢_;), than all consumers will be offered identical behavior independent of the form of their
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utility function: nl = n’, ct = ¢! ,.In this case labor and consumption will be equally shared

between consumers in each state. However the formula above for the sharing rules is true in both
cases. We can use it to find the solution:
—1/(7 1/o0 —1/ 1/
nl SN0 =M pl 4 g RN g1 = LEM L f (nl)

10

T (8 J]/[‘b;ol/p L d’w]) g (] L _ o

w8~ wna e s e )~ 1) S =LA =L L = LR

So we have (2N+M)L equatlons and (2N+M)L unknowns. The solution is unique sinse Lh.s.
of the last equation is strictly increasing in each argument né while the r.h.s. is strictly decreasing
(v >0,u" <0, f >0,f"<0). Knowing this unique solution we could solve backwards to find
equilibrium consumption and labor. This gives us L (2N + M) equilibrium values.

In general we get L(M +2N +2) equations With L(M+2N —|— 2) unknowns which due to Inada
conditions have a unique solution:  {n’,nl,c,, \',p'} LY nl =% n

?nww@wzw b (D) (n) =N N = glel g () zﬁﬁfmﬁzzﬁﬁ
4

L (x;) = Sizyp (1) [u () — v (ni) ] + MZiy 295,035 (hys — pnj) + prni — peci]

FOC:  p()u/' () =pN  p()v (n)) =phA; (N * L % 2 equations)
u'(ck v'(n

Restating gives: W =\ = (l)p—() which implies:

p()u’ (¢} V' (ng p()u' (n} v'(n}) p()u(n]

P = pijw/gcg) P = De u((g p, = pi;WfEng)) = P uingEn))

Putting the price of consumption in state 1 pl = 1 assigns a numerair, which determines the
rest of the prices.

In general in the competitive setting an analog of central planner’s weights are the shares in
firms outputs. The budget constraints give us N equations:

S0y () — pnd) = By [phes — phn]

From the firm’s problem it follows that e f’ (n ) = p" (M * L constraints)

Resource constraints imply: XM el f (nl) =XV 0 BN nl =B 0l (2 L constraints)

The whole system has L (M + 2N + 2) equations with the same number of unknowns, and due
to Inada conditions has a unique solution. The only free parameter left is the choice of numeraire
price. It is easy to show that ' = p! and u! = pl is one of the price solutions. In this case the
numeraire is specified by the fact that probabilities of states sum up to one. In the competitive
setting the sharing rules depend on the distribution of wealth. An analogous situation of linear
sharing rules arizes if all agents have equal wealth, i.e. equal shares in the firm’s profits:

l ! ! ! ! !

02‘]':% = n,=n_,=n c,=C,=cC




Exercise 3 Private Information in General Equilibrium

There is a measure one of ex ante identical consumers. First all the decisions are made, then
uncertainty is realized. With probability p = % each consumer becomes type I and with probability
(1—p) = % she becomes type II. Type I consumers are risk-averse: wuy(c) = +/c, while type II
consumers are risk-neutral: us (¢) = c. The endowment is e = 1 per person. Types are private
information. Specify the economy in the language of Debreu using a grid C’:{O, 711’ cmax}. Describe
the timing of the economy. Specify cumax Such that the first best allocation can be achieved in general
equilibrium. Find an allocation and price vector.

Planner’s problem (general version):

max,: 23S,k u; ()

s.t. x>0, Yaat = 1. Vivn
s.t. SigSnahe, <1 (resource constraint)
s.t. Yoxtu; (cn) > Bprdu; (cn) Vi, Vj (incentive compartibility constraint)

a) In our case i = {1,2} , n=1{1,2,3}, ¢, = {0, i, cmax} )
Therefore, max,; 5 (323 + Cmax3) + 3 (323 + \/Comax®3)
s.t. x>0, Yart =1.Vi

s.t. 2 (323 + cmax®y) + 5 (323 + cmax}) <1

s.t. %Ji% + w/cmaxxg > %x% + w/cmaxacé

s.t. 173 + Cnax®3 > 173 + Crax3

In the language of Debreu: S = R?? = {ﬂé, Te | W%,wfmax}

Consumption set:

X ={zeSlz, 5% >0,S,a8 <1, 222+ Cnmed > 123+ \fomax®h, 223 + Conax®h > 223 + Crpax}

Preferences: U (z) = 1 (323 4 cmax3) + 3 (323 + /Crnax?)

Production set: Y = {y € S|y;::1223 > O,% (;lly% + cmaxygl,) + % (iy% + cmaxyg) < 1}

Resource constraint: x = y.

First commodities are traded (=contracts are signed), then types become known to the con-
sumers, then the planner asks the consumers about their types, and using the message assigns
each consumer an allocation according to the initial contract. Contracts are signed first, because
otherwise, after knowing the types some of the agents would prefer to remain in autarky, but they
can’t walk away from pre-assigned contracts.

If 223 + \/Cmax®3 = 323 + /Comax} then 123 + cnax®} > 173 + cmaxa3, therefore the second IC
constraint is not binding.

minty, 3 (43 + emwt}) + 3 (03 + /o)

s.t. 173 4 Cnax®3 + 325 + Crax3 = 2

St 223+ \/Cmax®3 = /CmaxT3

To discriminate between the two consumers the planner needs to deliver a fixed amount to the
risk-averse consumer and a lottery to the risk-neutral consumer: z2 = 0,23 = 1,2z} = 0.

w3 (cmust} + 3) 1

1
s.t. Cmax§ + 7 = 2 s.t. 3 = /Cmax3

The first two equations define the Maximum Welfare: W = % (2 — 4—11 + %) = %
It is independent of ¢ (only need to make sure that :13% <1).
{Cmaxz =1 2 = \/Cmax3 } = \/Cmax = 3 Cmax = 2 =12.25 zy =1

The equilibrium allocation therefore is: { 0, %, 1, O} .
Use firm profit maximization to find prices:



L = pyys + pyys + 033 +03y3 + 5 (2 — (593 + cmax3) — (395 + Cmaxt3))
py < i Ph < Cmaxk D3 < 3K D3 < Caxh For example, p = {1,49, 1,49} .
The consumer problem would have a lot of constraints, you can find multipliers that would fit.

Exercise 4 Private Information

1 11 1 2
maxXgi 52,2, 5 108 ¢ + 35,25 /¢

s.t. x>0, Ena:f; = 1. ViVn

s.t. Ena: cn + 3,12¢, < 2e (RC)
s.t. Snthglog (c,) > Spalzlog (c,) (ICy)
s.t. nxn\/_ > Yzl /cn (ICy)

To solve that on the computer we need to state it in terms of constraints:
Let ¢ = [cl, ceey Cn]

let Uy = 3 Loge, Uy =+/c

S =[50, —30h);

A= [ Ul,Ul;UQ,—UQ];

b = [2e; 0; 0] ;
Aeq = [ones(1,n), zeros(1,n); zeros(1,n), ones(1,n));
beq = [1;1];

ub = ones(1,2n);

Ib = zeros(1,2n);

linprog(f,A,b,Aeq,beq,1b,ub)

The result is a single values for type I and a pair of values for type II as a function of the
endowment. For low values of endowment the economy remains in autarky. The functions and
probabilities are depicted in the graph:

type |
type Il 0.91

type Il

0.8}

0.7}

0.6}

type |
type Il
type Il

0.5}

0.4f

0.3}

0.2

0.1}




14

1.2t

0.8

0.6

0.4

0.2

Welfare

Autarky

First Best

1 15 2 25 3 35 4



