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Exercise 1 General Equilibrium

(a) S = RS ={cy, 9, cq, w0 " P (2.5 pt)

(b) X ={x € S|z1 > 0,29 > 0,23 > 0,—x4 € [0,1], =25 € [0,1], —x¢ € [0, 1]} (2.5 pt)
(c) u(x) = (logzy + 3z4) + 28 (logzs + 3as) + 20 (log 3 + 3x) (2.5 pt)

(d)Y ={y e Sly < —ya,v2 < —2y5,y3 < 46,94 < 0,45 < 0,956 <0} (
RC' rT=1y

All consumers are the same, so we can think of one.

(e) Allocation (z,y) is a pareto-optimum (PO) iff: (5 pt)

1) r=y,xeX,yeyY

2) 3(3,9):i=9,7€ X, €Y, and u (%) > u(x)

(f) A competitive equilibrium is a tuple: (z*,y*, p*) s.t. (5 pt)

1) 2" =argmax{u(z)|p'z < 0}

2 *=a axp*
)y T8 Maxp"y

3) -y =0
(g) First welfare theorem holds because the consumption set is convex, preferences are quasi-

2.5 pt)

concave and there is no satiation. So we can start with the solution of PO problem: maizcu(y)
ye
(logy1 — 3y1) + 26 (logyz — 3%) + 23 (log y3 — 3%2) — max,
Y1 Y2 2 Y3 4

Prices: maxu (x) — Apx
re
FOCs: ui () = A\p;
W (@) =[5, 205, 262.3,98, 58] let A= 2 be the normalization.

p=1(10,35,5,10,65.48) (5 pt)




Exercise 2 Ramsey Taxation

0
go=10 g1 = % 1—nx
U =u(co) —no + Elog (c1) — ni]

(a) The consumer’s problem is to maximize U given the constraints:

co + q1by + qabe = (1 — 7o) ng

cl = (1—Tl)n1+bl

Cg = (1—Tg)ng+bG

Therefore, co+q(cr—1—=71)n) +qc(cc — (1 —1¢)ng) = (1 — 79) no

Hence, log (co) — no + 7 [log (¢1) — nq] + (1 — m) [log (cq) — ng) — max,, ., (5 pt)
s.t. cot+q(cr—1=71)m) +qc(cc — (1 —T¢)ng) = (1 — 719) no

FOC: % = Wé =@\ (1—m) % = qoA

FOC: AM(l—79)=1

FOC: Ap(l—711) =7

FOC: Ao (l—7¢)=(1—m)

In other words: -1 (5 pt)

Cq

bp =0 G+ gi=n;

(b) The implementability condition is then:
o (o= (1 =To)no) + 7 (1 — (L =71)m) + (1 —7) o (cg — (1 = Ta)ng) =0
not+mm+(1—mng=2=1+7+(1—-m) (5 pt)

(c) The Ramsey plan maximizes welfare subject to the implementability constraint and the
three resource constraints:

[u(co) + @] + 7 [u(c1) + @]+
+ (1 =) [u(ce) + @] + [—ng — Pno| +
+7[—ny — O] + (1 — 7) [-ng — Png] +
+1bg (0 — co — go) + ™y (m — 1 — g1) + (1 = ) Y (ne — ca — ga)
FOC: ¢i:1+q):c%~ (5 pt)

The Ramsey problem solves four equations for {ng, ny,ng, ®}:

I =

2=no+mn + (1 —7m)ng

1
1 + ® = ni—gi

(d) From the first-order condition: l—7i=n;—¢g; = HL@ =¢ = T = 1%1> (3
pt)

So all the taxes are the same! Consumption in all periods is the same. Labor input is different.

Hence, n; = 135 + gi = o = Ti§ = N1, ne =15 t+3

2=ng+mny + (1 —7m)ng =

e=[r=t0-n] ()

’noznlzl—T‘ TLG:%—T (2 pt)

:7'1711:7'(1—7') lb—G‘:TGnG'—gG:T(%—T)—% (4 pt)

@b + qebe = —Tong = —7(1 — 1)




Exercise 3 Externality in production of human capital

Planner’s problem:
l1—0o —a
E?ioﬁt% — maX{Cth_l’hH_l} s.t. ct + ]{It+1 - (1 — (5) ]{Jt S Ak?? (hlt)l
st. e = BhS (b)Y st by = hy+ hy
(a) Consumer’s problem: (4 pt)
lea
Egoﬁtﬁ—g — maX{ChktJ’_l’ht_‘_l} S.t. Ct + l{?t+1 — (]_ — 6) kt S wtht + rtk:t
s.t. ht+1 = Bhgt (h_i)di, s.t. _ ht :Nhlt + hgt
Firm’s problem: AkXhi;® — wihyy — ik — maxy, g, (2 pt)
Competitive equilibrium: allocations {c¢;, kii1, hev1, hag, ot} and {iilt,?%t} and {h_t} and prices
{1, 7, w } s.t. -
1) allocation 1 solves consumer’s problem given prices and the value of {ht}
2) allocation 2 solves firm’s problem given prices
3) the resource constraints hold: ki = ky, hit = hae, crtkii—(1 —6) ky = Ak (hlt)lfa
4) hy = hy in equilibrium (4 pt)
The difference between the planner’s problem and the competitive equilibrium is only in whether
to take the derivative w.r.t. h;. So we can write the Lagrangian for the planner and then ignore one
term:

l—o
St

L=xpd |

A (AR (e — o) ™ = ¢ = Epyr + (1= 0) ky) + .
ct,ke1,he41,hot
e <Bh§t (ht)w - ht—H) e

FOC: Ct_g = )\t
FOC: B <ozz—i +1- 5) Y

FOC: B (1= o) 25 4| By 0322 | = gy

hit+1 hiy1
FOC: A (1—a) & = ot
Hence, (5 pt)
g = AkY (hy — ho)' ™ hyyr = BhS, (W)Y ki — (=8 ki=y  hy=hy + hay

ﬁ(ﬁ)awﬁ((ﬁ_i_ whm_ﬂ)—ﬂ B<L>J<a2’:—i+1—5>:1

Yyt higt1 hit1 T higa Cit1

Balanced Growth Path: "
frn-1-9=f B(L) (@E+1-0=1 = n=7=n
hy—ft:A(hk—ft> = Yh1 = Yy = Vk
¢
hip1 = Bhgt (ht)w = Mot = Bh?—w = G *Vpo = (L — 1)) %,

h

P
b hi oy ho hy  _hy  _ hy
hat hat + hat = Blé?b htt1 hat +1 <5 pt)

For there to be a balanced growth path we need (1 — @) * y,, = ¥ * 7y, and v, = Vpo

The only way this is possible is if 1 = 1)+ ¢. Another possibility is 7, = 0 for all variables which
implies a steady-state.

(b) If there is no growth, then foh = hys  hi=h—hy = (1— Bé)h K —¥—% = [B (5¢)¢]

1

1—1+6 . N 1—a
el e A €= R Y

@l

Y]



1
Hence, the steady-state is:  h = [B (&b)d’] e hy =(1—pB¢)h  hy = [oh

k:<éaf‘+5>la(1—ﬁ¢)h c:<é‘j+5—5>k (5 pt)

(c) Now assume 1 = 1) + ¢. We haven’t used the equation determining the optimal allocation
of human capital yet, which is the only one that depends on whether the externality is taken into
account or not. We got that on a balanced growth path all the variables grow at the same rate.

s 4 1
_heyn hy hy ho \® ha _ (2%
7= _Bhg—w_Bhl—w_B(h) = h _(B)

1

vt = B¢ (%) ¢ if externality is NOT taken into account (competitive equilibrium).

)T Gy

In a competitive equilibrium the growth rate is: v = (gbBB ¢

(d)|y* =8 <¢ (%) ° 4 gﬁ) if externality IS taken into account (planner’s solution) (5

pt)
You can’t really solve for the planner’s growth rate in closed form. However, you can compare

the two outcomes. Let’s analyze the equation %vngé — w'ﬁ — gbBi = 0. Assume o > 1 and
0<op<l Cal X = v% which is an increasing function in ~.
1
Then, the equation is: F(Z)= 290"V _ 37 — $BB+ =0
If we don’t take into account the externality (competitive equilibrium) then the solution is

Z700-U+ — p3Be 7 = <¢6Bé>m

At this point F (Z*) < 0 and F' (Z) = @e=Ot0290 00062 g for 7+,

Therefore, the solution under the planner’s problem has a higher growth rate. That is because
in a competitive equilibrium agents over-invest into human capital and under-invest into physical
capital, which implies slower growth and lower welfare in equilibrium. (5 pt)

9
16 T T




