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1. A Scaled Jump-Di¤usion

The return equation for the scaled discrete-time jump di¤usion is:
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The di¤usion component and the jump component are mutually independent, hence, the return

process is IID and has the following structure:
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For the martingale measure to be unique we need four assets including the risk-free asset corre-

sponding to the four branches in each node of the tree. Therefore, we de�ne Rnt+h = 1+(�
n � r)h+

�nB"t+h+�
n
Jvt+h; n = 1; 2; 3 the three risky assets, and R

f
t+h = 1 for the risk-free asset. To compute

the equivalent martingale measure we evaluate the fundamental equation of asset pricing and apply
it to the four assets: eE �Rnt+hjFt� = 1:
1 + (�n � r)h� epDJ�nDJ � epD�nDBph+ epU�nUBph+ epUJ�nUJ = 1 n = 1; 2; 3epDJ + epD + epU + epUJ = 1
This gives us a system of 4 equations in 4 unknowns:2664
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The solution

� epDJ epD epU epUJ � is the equivalent martingale measure.
We can make any assumptions about �nU

D
J
and �nB as long as the matrix on the LHS is invertible

and the solution has only positive elements. Then the stochastic discount factor will be:
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If we assume that both �nDJ = �
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Therefore, we need to allow at least the jumps up and down for the assets to be of di¤erent size.
Let�s try a case when one of the assets is a pure brownian motion, and the other two assets also

have a brownian-motion component, but one jumps down only, and the other jumps up only.

1



De�ne:

2664
0 ��1B

p
h �1B

p
h 0

��DJ ��2B
p
h �2B

p
h 0

0 ��3B
p
h �3B

p
h �UJ

1 1 1 1

3775 =
2664
0 �e e 0
�a �b b 0
0 �c c d
1 1 1 1

3775

Then,

2664
0 �e e 0
�a �b b 0
0 �c c d
1 1 1 1

3775
�1

=

2664
b
a
1
e

� 1
a

0 0
�ad�ac+bd

ad
1
2e

1
2a

� 1
2d

1
2

ad�ac+bd
ad

1
2e

1
2a

� 1
2d

1
2

� c
d
1
e

0 1
d

0

3775 = A
ad�ac+bd

ad
= 1 + bd�ac

ad
= 1 +

�2B�UJ��3B�DJ
�UJ�DJ

p
h = 1 +

�
�2B
�DJ

� �3B
�UJ

�p
h

2664
epDJepDepUepUJ

3775 = A
2664
(r � �1)h
(r � �2)h
(r � �3)h

1

3775 =
26666664

�2B
�DJ

h
�2�r
�2B

� �1�r
�1B

i
h

1
2
+ h

2

h
�3�r
�UJ

� �2�r
�DJ

+
�
1 +

�
�2B
�DJ

� �3B
�UJ

�p
h
�
�1�r
�1B

i
1
2
+ h

2

h
�3�r
�UJ

� �2�r
�DJ

�
�
1 +

�
�2B
�DJ

� �3B
�UJ

�p
h
�
�1�r
�1B

i
�3B
�UJ

h
�1�r
�1B

� �3�r
�3B

i
h

37777775
This is the equivalent martingale measure, and, hence the stochastic discount factor would be:
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All the probabilities are positive and the SDF is well-de�ned, if �2�r
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We can interpret the four assets as a risk-free asset (N4), risky stock (N1), a put option on
the stock (N2) and a call option on the stock (N3). Call is exercised if there is a jump up in the
stock price and the investors would like to buy the stock at the original price, Put is executed if
there is a jump down in the stock price and the investors would like to sell the stock at the original
price. Assume for simplicity that the size of both jumps J = 1. Then, p - is the price of a put, c
- is the price of a call. Both are payed when there is no jump, hence the SDF is proportional to
� (�� r) � c � p: If there is a jump down, the SDF is proportional to the price of the put, and if
there is a jump up, the SDF is proportional to the price of a call.
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