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1. A Scaled Jump-Diffusion

The return equation for the scaled discrete-time jump diffusion is:
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The diffusion component and the jump component are mutually independent, hence, the return
process is IID and has the following structure:
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For the martingale measure to be unique we need four assets including the risk-free asset corre-
sponding to the four branches in each node of the tree. Therefore, we define R}, , = 1+ (u" — ) h+
OBEttn+ 004, n = 1,2, 3 the three risky assets, and R 4+, = 1 for the risk-free asset. To compute

the equivalent martmgNale measure we evaluate the fundamental equation of asset pricing and apply
it to the four assets: E [R},,|F] = 1.
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This gives us a system of 4 equations in 4 unknowns:
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The solution [ PpJ Pp Pu DPus } is the equivalent martingale measure.
We can make any assumptions about o', i and o4 as long as the matrix on the LHS is invertible
and the solution has only positive elements, Then the stochastic discount factor will be:
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If we assume that both 0%, ; = of;; and 07,5 = 05 then the matrix on the LHS is non-invertible:
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Therefore, we need to allow at least the jumps up and down for the assets to be of different size.
Let’s try a case when one of the assets is a pure brownian motion, and the other two assets also
have a brownian-motion component, but one jumps down only, and the other jumps up only.



0 —obkvVh ogvh 0 0 —e e 0
Define: | —07 —o2vh o%Vh 0 _ | —a =b b 0
0 —o%vVh o3Vh oy, 0 —c cd
1 1 1 1 1 1 11
0 — e 01" bl -+ 0 0
—a —-b b 0 _ad—ac+bd1 1 1 1
Thena = ad—acclfli-bd 126 21(1 21d % = A
0 —c cd el 3 2 T2 2
1 1 11 -4 0o 5 0
ad—ac+bd __ bd—ac __ UZBUUJ*U‘?BUDJ _ i . i
ad =1+ ad =1+ TUITDI \/E_l—i_(UD‘] UUJ>\/E )
9B [qu _ ol
Pps (r—p")h 5 ML
~ L hpior por s _ % po—r
bp — A (T_ﬂz)h _ 2+2 ouJg oDJ + {1+ U;] UUI'SI \/E B
5U (T’ — M3) h 1 + h | pd=r pier 1+ 0% o3 \/E pler
~ 2 2 | ouyg oDJ oDJ oug o
bug 1 1 3
o5 |por oy,
ouJ O'IB op
This is the equivalent martingale measure, and, hence the stochastic discount factor would be:
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All the probabilities are positive and the SDF is well-defined, if “j{ L > “;fr > “j;r, - small
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We can interpret the four assets as a risk-free asset (N4), risky stock (N1), a put option on
the stock (N2) and a call option on the stock (N3). Call is exercised if there is a jump up in the
stock price and the investors would like to buy the stock at the original price, Put is executed if
there is a jump down in the stock price and the investors would like to sell the stock at the original
price. Assume for simplicity that the size of both jumps J = 1. Then, p - is the price of a put, ¢
- is the price of a call. Both are payed when there is no jump, hence the SDF is proportional to
+ (u —r) — ¢ — p. If there is a jump down, the SDF is proportional to the price of the put, and if
there is a jump up, the SDF is proportional to the price of a call.



