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Mathematics

correspondence ¢ is upper semicts.: z? — 20, y? €
p(a?), y* —y° = y° € p(a°)

correspondence ¢ is lower semicts.: z? — 20, 3% €
p(x?) = Fy? € p(z7) s.t. y? —y°

f S xT — R cts., T compact, correspon-
dence ¢(s) € T cts. = n(s) = {t* € ¢(s)
f(s,t*) = maxyey(s) f(s,t)} upper semicts. at s,
g(s) = f(s,m(s)) cts. at s

Kakutani: S C R™ non-empty, compact, convex, ¢
upper semicts. correspondence from S to S s.t. ¢(x)
non-empty, convex Vo € S = 3 fixed point

positively semi-independent: cones Ci,...,C,, vertex
Ost.zjeCjand ) z; =0=2; =0

asymptotic cone AS of S C R™

Ski={reS: |z| >k}

['(S*) := least closed cone containing S*, vertex 0
AS = ﬂ@o (s

S bounded = AS = {0}

A({z}+S)=AS CA(S+T), A(IlS;) CIIAS;
NAS; = {0} =) S; bounded

S; closed, AS; pos. semi-indep. = 3 .5; closed

S closed, convex, 0 € S = ASCS
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Commodities and Prices

comimodities

> good/service + date + location
> commodity space R/
> action of an economic agent = point a € R’

prices

> price system p € R!
> value of an actiona =a-p

Producers

production/supply y; € RY, outputs > 0, inputs < 0
production set Y; C R!

total production y := 377, y;

total production set Y := > 7 Y;

assumptions on production sets

; closed,

(possibility of inaction), 0 € Y
Y N Q C {0} (impossibility of free production)
’Y N(-Y) c {0} ‘ (irreversibility)

Y; convex, | Y convex

non-decreasing -, non-increasing -, constant returns
to scale
> |Y D (=) | (free disposal)

Y closed, convex, Y D (—Q) =Y D (Y — Q)
Y; closed, convex, Y N (=Y) = {0} = Y closed
profit maximization

>
>
>
>
>
>
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> profit p - y;, total profit p -y

> prices given, choose y; € Y; to maximize profit —
equilibrium production

Ti:={pe R': p-Y; has max.} cone with vertex 0
nj Tj = Y, 0(p) = {y; € Yj : p-y; = maxp-Yj},
supply correspondence

m; T — R, mj(p) := maxp - Yj, profit function
n:(\T; - Y, n(p) == > n;(p)

7 (T - R, 7(p) = 5oy (p)

np)={y €Y :py=maxp Y} 7(p) =maxp-Y
Y; convex = 7,(p) and n(p) convex

YO (-Q):peNTj=p=0

price variations

\YARY
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> Y; compact = 7, n upper semicts. on 7} = R, 7j,
7 cts. on R!

Consumers

consumption/demand z; € R!, inputs > 0, outputs < 0
consumption set X; C R/

total consumption x := 2211 z;

total consumption set X := > 1" X;

assumptions on consumtion sets

> X closed

> ’Xi has a llower bound for <, ‘ ie., dx; st xy <
z; Vr; € X;, X has a lower bound for <

> X, connected

> | X; convex, | X convex

X; closed, lower bound = X closed
preferences: complete preordering =3;

P alst ow 22l

~t g

’ # satiation consumption, YV, € X;

continuity assumption on preferences

i: i) to R
x; i} ‘ and
’{xl €X;: x, Za;} are closed‘ = 3 cts. utility
fct.

> utility fet. w;: increasing fet. from (X
> X, connected, | V2 € X; : {x; € X, :

convexity assumptions on preferences
>z o a? = tey + (1 —t)a?

1~ 1

> ’x} =i w2 = tol + (1 — t)a? =; 2?
> continuity assumption + convexity = weak conv.

= 22 (weak convexity)

(convexity)

wealth constraint

wealth distribution w = (w;) € R™, p- ; < w;

S; = {(p,w) € RF™: Iz, € X; s.t. p-x; < w;}
Vi S = Xiy vi(p,w) ={z; € X+ p-a; <wi}
X; compact, convex, (p°,w®) € S;, w? # minp° -
X; = ; cts. at (p°, w?)

\YARVARVARY,

preference satisfaction

> given (p,w) € S;, choose greatest element wrt. =3;
in 7;(p,w) — equilibrium consumption

> S, :={(p,w) € S;: 7(p,w) has greatest element}

> & Sl X, &(p,w) = {z; € vi(p,w) : x; s
greatest element of ~;(p, w)}
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> §:ﬂ5£—»X E(p,w) =3 &ilp,w)

> X, convex, 3; cts., weak convexity = &;(p, w) con-
vex

> (p,w) € S}, x} greatest element of 'yz(p, w), = not
satiation, =, satlsﬁes convexity = p - J; = w;

price-wealth variations

> X, compact, cts. utility fct., v; cts. at (p,w) €
Sl =8; = &, & upper semicts. at (p, w)

Equilibrium
economy E: X; C R, Z,Y; € Rhw € R (total re-
sources)
state of E: ((x;), (y;)) € RUm+n)
net demand x — y, excess demand z = * — y — w,

Z=X-Y —{w}

((x:), (y)) € M (market equilibrium) &z —y =w
((x:), (y;)) € A (attainable state) & (z —y = w) A
(zi € Xi ) (yj €Y5)

= ([ X:) x
closed/convex
z; € X; (attainable) :< 3((z;), (yj)) e M
y; € f/] (attainable) = 3((x;), (y;)) € M
X lower bound, Y closed, convex, Y N = {0}:
(a)ifn=1orYN(-Y)C {0} = A bounded
(b) if X closed = X —Y closed
private ownership economy &
> E&wiERl &9,‘j€R+ s.t. Ewi:w, Zﬁijzl
> equilibrium ((z}), (y}),p*) € R+ s 4.

*

(I1Y;) N M, X;, Y; closed/convex = A

(o) xf greatest element of {z; € X; : p
p*wi+ 325 00" - yr}
(B) y; max. profit relative to p* on Y;
(7)o" -y =w
market equilibrium

“ T <

> y; €ni(p ):>7r7(p) p-y; = wealth distr. p-w; +
Ejgijﬂ'j( ), def. E( ) =& (p.p- Wz"'z 0:;m;(p))

> Cl= (' n;(p) £ 0, €() £ 0}

> (:C—Z,((p) = ’(p) n(p)—{w} (excess demand

correspondence)

> 3 equilibrium < 3p € C s.t. 0 € ((p)

> ¢t > 0= ((tp) = ((p) = C cone, vertex 0, but 0
excluded < 3 insatiable consumer

> peC=pr<pwtpy,ie,pz<0s:p((p) <0

>> free disposal: replace = by < in 2* — y* =w = 3
equilibrium < Jp € C s.t. ((p) N (=) #0

> free disposal: n;(p) only def. if p > 0= C C Q

> C(p/ > pn) = ((p) = restrict to P = {p € Q :
>.pn =1}

> Z C R! compact, ¢ : P — Z upper semicts., Vp €
P: ¢((p) nonempty, convex and p-{(p) < 0= Ip* €
Pst. C(p)Nn(—Q) #0

€ = ((Xi,Z4), (Y)), (wi), (6i5)) has an equilibrium if Vi

15 ~JL

and Vj:

(a) X; closed, convex, lower bound for <
(b.1) no satiation consumption in X;
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(b.2) Vol € X; : {x; € X; : x; 3 )} and {z; € X, :
xf 3 x;} are closed in X;

(b.3) 22 =; x! = ta? + (1 —t)z} =; x} for any x} and
z?in X; and 0 < t < 1.

(c) 320 € X; st 2¥ < w;

1) 0eY;

2) Y closed and convex

3) Yn(=Y) {0}

4) Y

d.
d.
d.
d4) Y5 (=9)

(
(
(
(

Optimum

preordering on A : ((4), (y;)) 3 (@), (7)) if @i Zs
x} Vi, optimum = maximal element

E ((Xl, Si)s (Y;), w) has an optimum if Vi:

(a) X; closed, connected, lower bound for <
(b) Val € X; : {z; € X;: z; Z2;} and {x; € X, :
x} 3 x;} are closed in X;

(¢c) Y closed, convex, Y N Q = {0}

(d) weX Y
equilibrium ((z7), (y;)) relative to given p s.t.:

(o) x} greatest element of {z; € X;: p-a; < p-zl}

(B) y; max. profit relative to p on Y;

(7)o" -y =w
((*7), (y7)) equilibrium relative to p* < ((x7), (y}),p*)
equilibrium of private ownership economy with w; =
z; —y*/m, 0;; =1/m
G =Y. X" —>Y;, total resources necessary to im-
prove upon z}

; convex, preferences convex, ((x} ¥)) equilibrium
X , pref , ((27), (7)) equilibri
relative to p, z7 no satiation = ((x7), (y;)) optimum
E = ((XiZ0)s (YJ)) s.b. Vi

(a) X; convex
(b.1) Val € X; : {z; € X; : x; 3 i} and {z; € X, :

xf 3 x;} are closed in X;
(b.2) 22 =; x! = ta? + (1 —t)a} =; x} for any z} and
22 in X; and 0 <t < 1.
(¢) Y convex

given optimum ((7), (y;)), some z}, not satiation =
dp # 0 s.t.:

() f min. p-x; on {z; € X;: = 7 xf}
(B) y; max. profit relative to p on Y;

if in addition p-x} # minp-X;, then above equilibrium
relative to p

Uncertainty
incorporate uncertainty by extending commodity

space: replace "date” by "event” for commodities and
prices
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